Domain Wall Fermions and Chiral Gauge Theories by Jansen, Karl
ar
X
iv
:h
ep
-la
t/9
41
00
18
v1
  2
6 
O
ct
 1
99
4
DESY 94-188
Domain Wall Fermions and Chiral Gauge Theories
Karl Jansen
Deutsches Elektronen-Synchrotron DESY,
Notkestr. 85, D-22603 Hamburg, Germany
October, 1994
Abstract
We review the status of the domain wall fermion approach to construct chiral
gauge theories on the lattice.
1 Introduction
It is a natural question to ask, whether there exists a regularization of a chiral gauge theory
beyond perturbation theory. This addresses the pure existence of the Standard Model of elec-
troweak interactions. The astonishing answer to the above question is that a non-perturbative
regularization has so far not been found. Even worse, nogo theorems [1, 2] seem to make it
impossible to even find such a regularization. Of course, the tremendous success of the descrip-
tion of the electroweak interactions in perturbation theory makes the Standard Model a very
well tested theory in particle physics. However, this leaves us with the unsatisfactory situation
of the Standard Model being good “for all practical purposes”. At this level it is certainly not
a well founded theory as e.g. QCD.
The conventional point of view today is to regard the Standard Model as only an effective
theory to describe low energy physics. In this low energy limit perturbation theory works
very well. However, due to triviality our theoretical description of the electroweak interactions
is inherently incomplete. At some energy scale which depends on the Higgs boson mass the
theory has to break down giving room for some –yet unknown– new physics. This new physics
in some sense regulates the minimal Standard Model. Therefore, finding a non-perturbative
regulator for a chiral gauge theory might give some hint about the theory “beyond the Standard
Model”. A non-perturbative chiral regulator would also be important to understand, whether
a construction of an asymptotically free chiral gauge theory is possible [3, 4]. Not surprisingly
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then, the attempts of a non-perturbative definition of a chiral gauge theory have been numerous
and in particular the search for lattice chiral fermions has been an intensive area of research in
the last few years.
The outcome of all attempts to put the Standard Model on the lattice is, however, so far
either negative or no convincing evidence of their success could be given. The stumbling block in
constructing chiral gauge theories on the lattice are the famous nogo theorems by Karsten and
Smit [1] and by Nielsen and Ninomiya [2], see also [5]. The assumptions of the nogo theorems
are surprisingly mild. They require hermiticity, locality, and translational invariance of the
underlying interaction. With these assumptions there will always be a clash between chiral
gauge invariance and the possibility of a single Weyl fermion on the lattice. To each fermion
with given chirality there will always be a doubler mode with the opposite handedness. This
proliferation of fermions is deeply connected to the anomaly structure on the lattice. Either we
will have chiral gauge invariance but then the doubler fermions appear and cancel the anomaly,
or we lift the doublers by some mechanism and destroy chiral gauge invariance. It is worth
to note that these theorems are claimed to hold also without refering to the lattice at all [2].
This is reminiscent of Adler’s demonstration that it is impossible to find a gauge invariant
regularization such that the axial current remains conserved [6]. It emphasizes the fact, that
the question of regularizing chiral fermions non-perturbatively is not a problem for the lattice
alone but one of principle.
To circumvent the nogo theorems one has then to violate some of the above assumptions at
one stage. Although it is acceptable that at some intermediate step one of the above properties
is missing, one clearly would like to recover them in the continuum theory as they are important
ingredients for a sensible theory. There are numerous ways trying to find such violations and
still recover the electroweak interaction in the continuum. For an overview I refer to several
review talks in the annual Lattice proceedings [4, 7, 8, 9, 10]. In particular I would like to draw
the reader’s attention to the proceedings of the Rome workshop [11] which contains virtually all
approaches at that time. In [12] many of these attempts, the way how they tried to circumvent
the nogo theorems and reasons why they did not work, are summarized.
One attempt of finding a method to simulate chiral fermions on the lattice was not covered
in the Rome workshop. This was Kaplan’s idea [13] of generating a chiral mode on a domain
wall that is induced by a mass defect along an extra dimension. Imagine a scenario where we
actually live in a 5-dimensional world. Assume that along the fifth dimension there is a defect
generated by a fermion mass term that only depends on the fifth direction and has the form of
a soliton. This will generate a domain wall and on this 4-dimensional wall we will find a chiral
zeromode traveling along it [14, 15].
In [15] Callen and Harvey studied general anomaly descent relations [16] connecting fermion
zeromodes on a domain wall and anomalies in even with parity anomalies in odd dimensions.
In particular they demonstrated that the odd dimensional theory is anomaly free. Performing a
Goldstone-Wilczek [17] type of calculation they showed that the anomaly in the gauge current
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due to the chiral zeromode on the domain wall is exactly cancelled by the divergence of the
Chern-Simons current generated by the heavy fermions in the fifth dimension off the wall. That
the Chern-Simons current is not divergence free is due to the fact that the mass defect changes
sign when crossing the domain wall.
One interesting aspect of the Callan-Harvey analysis is, that it can be taken over to the
lattice. Indeed, it has been pointed out already in [18] that this might lead to a realization of
chiral lattice fermions 1.
Independently of [18] Kaplan suggested to use the domain wall setup to construct a chiral
gauge theory on the lattice [13]. The hope is to produce a chiral theory on the 4-dimensional
domain wall. Using the –in lattice QCD successful– Wilson mechanism, it can be expected that
the dangerous doubler modes are decoupled. The difference to other approaches is that the
5-dimensional theory one would start with is vectorlike from the very beginning thus avoiding
problems with the nogo theorems. Through the Callan-Harvey mechanism the gauge anomaly
would be reproduced on the domain wall while at the same time the 5-dimensional system
remains anomaly free due to the mechanism of anomaly cancellation. Another attractive prop-
erty of the domain wall model is, that also the fermion number current is anomalous on the
4-dimensional wall [13, 19], although, it is again conserved in the 5-dimensional system.
This promising picture evokes immediately some questions. Staying in a situation where
the fermions are free or are at most only coupled to external gauge fields, we have a single Weyl
fermion on the wall. Then how did we circumvent the nogo theorems? A first answer is that
we violated translational invariance. But this is only true in the 5-dimensional system. With
respect to the 4-dimensional domain wall the system is translational invariant and still we have
the single chiral fermion and the anomalies work out correctly.
The answer to this seemingly paradox can be given, if one looks at the finite lattice situation.
There we have to introduce some kind of boundary condition in the extra direction. This leads
–unavoidingly– to a second domain wall on which an additional zeromode appears. This mode
has the opposite chirality as the one on the original wall. Both modes have an exponentially
small overlap [13, 20, 21]. Therefore we are in full accordance with the nogo theorems. We
indeed have the mode spectrum as demanded by the theorems. Due to the extra dimension
we have just separated them such that they do not communicate. The whole setup is gauge
invariant, but we created a loophole for the charges such that they can escape in the extra
dimension leaving a chiral theory on the domain wall. For the infinite lattice the second
domain wall is sent to infinity. That this picture is indeed correct, as long as we do not have
dynamical gauge fields, could be demonstrated in [20, 22].
1 There a domain wall system was studied in the context of a stacking fault in a PbTe-type crystal. Using
the argumentation of Callan and Harvey the authors of ref.[18] discussed the apparent appearance of the parity
anomaly. Using techniques similar to Callan and Harvey they showed that the complete 3-dimensional condensed
matter system is anomaly free. They proposed that the domain wall model may be used for solving the chiral
fermion problem in lattice gauge theory. In particular they suggest to introduce the Wilson mechanism for
lifting the doublers. However, they then gave up the domain wall model idea.
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There remains, of course, the crucial point what will happen when dynamical gauge fields
are added. There have been two main lines of thought. The first one is to add 5-dimensional
gauge fields giving the gauge fields in the fifth direction a coupling strength different from the
4-dimensional fields [13]. A number of papers investigated this scenario [23, 24, 25, 19, 26, 27].
The conclusion was that this setup would not lead to the desired chiral gauge theory. The main
reason is that one would end up in the so-called layered phase where the system reduces to a
standard 4-dimensional lattice system of Wilson fermions and no zeromodes appear. Hence the
model becomes vectorlike and can not be used for a construction of a chiral lattice theory.
The alternative approach [28, 25, 29] is to leave the gauge fields strictly 4-dimensional and
to confine it to only one of the walls. In this way only one of the domain walls would be
gauged and we are left with a region in the extra direction which is gauged and its ungauged
complement. For reasons that will become clear later we call the gauged region the “waveguide”
region. At the boundary of the waveguide to the ungauged part in the fifth direction gauge
invariance is broken. This leads to a situation where one studies either a gauge non-invariant
model or a model which is gauge invariant but contains scalar fields at the boundaries of the
waveguide. The scalar (or Stu¨ckelberg) fields serve to restore gauge invariance in much the same
manner as the Standard Model is made gauge invariant. Adding a scalar field that couples to
the fermions suggests, to also introduce a Yukawa-coupling y. It can therefore be expected
that fermion masses are generated via the Higgs mechanism through the Yukawa-coupling of
the fermions to the scalar vacuum expectation value. These fermion modes will live at the
waveguide boundary. The crucial question is, whether these states can be decoupled such that
we are left with only the gauged and ungauged domain wall zeromodes separated from each
other in the fifth dimension.
One may argue that such a scenario is condemned to fail from the very beginning. The reason
being that approaching the phase transition from a spontaneously broken to a symmetric phase
the vacuum expectation value v approaches zero giving rise to small fermion masses which may
be interpreted as mirror fermions. In particular these masses should be zero in the symmetric
phase. Thus they would not decouple. However, investigations of Yukawa models on the lattice
revealed a surprisingly rich phase structure at large values of the Yukawa-coupling [30]. In
particular a so-called strong coupling region could be identified [31, 32, 33]. In this region the
Yukawa-coupling becomes so strong that the fermions combine with the scalar fields to form
massive bound states with masses at the cut-off. If such a region would exist also in the domain
wall model, the fermions at the waveguide boundary could be made heavy and would decouple.
We then would be left with a single chiral zeromode bound to the domain wall.
Another argumentation which would make the domain wall model fail is that the charge
due to this chiral zeromode will flow off the wall transported by the Chern-Simons current and
would have to be deposited somewhere. The most easy scenario to imagine is that there are
additional fermion zeromodes that induce a current absorbing this charge [34]. However, due
to our waveguide setup, the gauge fields have to stop somewhere in the fifth dimension. At this
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point we will have a change of the gauge field that can induce a Wess-Zumino current. This
current can give rise of cancelling the anomaly.
From these considerations it is clear, that the waveguide model can not be ruled out by
simple arguments. The question whether the domain wall approach would be successful or not
becomes a dynamical one and a numerical simulation becomes necessary. Such a simulation for
a 3-dimensional setup was performed in [25]. There the weak Yukawa-coupling region, where
the fermion masses are proportional to v and therefore vanish in the symmetric phase, could
be established. For large values of the Yukawa-coupling the results of this simulation were
compared with Yukawa models that have been investigated earlier and that do or do not show
a strong coupling behaviour. Strong evidence was collected that in the domain wall model
a phase with the strong coupling behaviour, as described above, does not exist. This was
confirmed by the results of a strong coupling expansion which revealed a new phase with weak
coupling behaviour at large y. It has to be concluded therefore that in the domain wall model
physics is governed by a weak coupling behaviour at all values of y thus not leading to a chiral
theory.
In this review we will in the following discuss the domain wall model in more detail.
Throughout this paper the fermions are thought to be taken in an anomaly free represen-
tation. After introducing the fermion doubling problem and how it may be solved by the
domain wall model we will continue to give an explicit demonstration of the Callan-Harvey
picture of charge flow on the lattice. We then present the model with the scalar fields added.
We discuss a large y expansion in this model and the results of the numerical simulations. We
will present the suggestion that the extra dimension can be held strictly infinite. We end with
a possible prospect of the domain wall model for simulating QCD and give a summary and
conclusions.
2 Free fermions, doubling and a possible escape
In this section the problem of fermion doubling on the lattice [35] is illustrated and the idea
of domain wall fermions introduced. The discussion will be for two dimensions only and the
Hamiltonian formalism will be used. The results obtained in this simple setting show already
the essential features and are readily generalized to arbitrary dimensions. In this section we will
indicate the lattice spacing a explicitly in the formulae. Otherwise a is set to one throughout
the paper. We start our discussion with the 1-dimensional Hamilton operator for free fermions
which –in the continuum– may be written as Hc = −σ1(∂/+m0). The operator ∂/ = σ2∂/∂x acts
only on the x coordinate and the σ’s are the usual Pauli matrices. Hc describes a single fermion
of mass m0 obeying the relativistic dispersion relation E
2 = p2 +m20. A “naive” discretization
of Hc on the infinite lattice would be
H = −σ1 [σ2∂x +m0] , (1)
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where ∂x now denotes the lattice derivative
∂x =
1
2a
[δx,x+µ − δx,x−µ] , (2)
a denotes the lattice spacing and µ is a displacement by a in a given direction on the lattice.
In our 1-dimensional example µ = a.
By Fourier transformation, the particle energies are easily obtained as
E = ±
√
1
a2
sin2(ak) +m20 , (3)
with k lying in the Brillouin zone −π < ak ≤ π. For ka≪ π, the naive continuum limit, a→ 0,
reproduces the above relativistic dispersion relation E2 = k2 + m20. However, for momenta
ak ≈ π, we find again E2 = k2 + m20 and obtain another fermion with mass m0. Moreover,
while the fermion at the origin of the Brillouin zone at ak ≈ 0 is a right moving particle as
can be seen from the group velocity dE/dk, the one appearing at the corner of the Brillouin
zone at k ≈ π/a is a leftmover since the sin function changes its sign there. For massless
fermions this amounts to find two chiral fermions with opposite chirality quite in contrast to
the single Weyl fermion we would have started with in the continuum. This is the famous
doubling phenomenon for lattice fermions. The fact that one finds opposite chirality fermions
at the different corners of the Brillouin zone is a consequence of the “doubler symmetry” on
the lattice [36]. This symmetry transformation is represented by a matrix
M =M1M2 ; Mj = iσ3σj . (4)
If ψk is an eigenfunction of the Hamiltonian in momentum space, this transformation exchanges
the corners of the Brillouin zone, ψk = Mψk+pi = −σ3ψk+pi. Thus, the mode at the opposite
corner of the Brillouin zone has a flipped chirality. The doubler symmetry gives in general
dimensions an equal number of left and right handed particles. As the representation of the
corresponding doubler symmetry group is irreducible, doublers have to appear in the fermionic
lattice spectrum as long as the doubler symmetry is unbroken.
The solution of the doubling problem as proposed by Wilson [5] is to break the doubler
symmetry by adding a second derivative term to the Hamiltonian
H = −σ1 [σ2∂x +m0 − r∆x] , (5)
with
∆x =
1
2a
[δx,x+µ + δx,x−µ − 2δx,x] . (6)
The spectrum becomes
E2 =
1
a2
sin2(ak) +
(
m0 +
r
a
(1− cos(ak))
)2
. (7)
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The mass of the fermions are now given in the a→ 0 limit as
m = m0 + 2
r
a
npi (8)
with npi = 0 for the origin of the Brillouin zone at ak ≈ 0 and npi = 1 for the corner of the
Brillouin zone at ak ≈ π. Therefore, we obtain for the fermion at the origin of the Brillouin
zone again the continuum dispersion relation but the fermions at the corners get an additional
piece proportional to 1/a. They will become infinitely heavy as a → 0 and decouple from the
spectrum. In general dimensions npi counts the number of π
′s at the different corners of the
Brillouin zone.
Unfortunately, there is a price to pay for getting rid of the extra unwanted fermions. Imagine,
we add dynamical gauge fields to the Hamiltonian (5) by making the lattice derivatives (2),(6)
gauge covariant. The Wilson term clearly acts as a mass term so that even if we take the
fermion mass m0 to zero, we still loose chiral gauge invariance. Although chiral symmetry can
be restored in QCD by carefully tuning the bare parameters to some critical value, this appears
to be a disaster for the electroweak interactions.
Indeed, for vectorlike gauge theories as QCD, weak coupling perturbation theory revealed
the restoration of chiral symmetry for the Green functions in the continuum limit [1, 37]. This
opened the road for lattice simulations of QCD because –though technically very challenging– no
problem of principle remains. For a chiral gauge theory using Wilson’s approach [35, 7, 38], weak
coupling perturbation theory [39] showed no success in obtaining the desired target theory and
the doublers could not be decoupled. This pessimistic picture was strengthened by results from
lattice simulations which showed that for weak coupling the doublers remain in the spectrum
[11, 40]. Also the hope of decoupling as a non-perturbative effect failed [41, 42]. It seems that
in order to obtain a chiral gauge theory one has to be more ingenious than in QCD.
2.1 Domain wall fermions
A possible escape from the doubling problem is due to D. Kaplan who suggests to send the
dangerous modes into an extra dimension. It is known since a long time that there exists a
chiral zeromode solution of the continuum Dirac equation in presence of a soliton [14]. The idea
to use such a kind of solution to construct chiral lattice fermions is to regard our 4-dimensional
world as a domain wall embedded in 5 dimensions. The interface is induced through a mass
defect in form of a soliton. To stay in our 2-dimensional setup of the previous section we will
study a 3-dimensional system. Along the third extra dimension denoted by s, a mass defect is
introduced through
m(s) =

 −m0; s→ −∞+m0; s→ +∞ . (9)
The concrete form –aside that it has to be monotonic– of the mass is not very important. It is
easy to show that in this situation there exist solutions Ψ± which are energy eigenstates of the
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continuum Hamiltonian
Hc = −σ1 [σ2∂(x) + σ3∂(s) +m(s)] , (10)
Ψ± = eipxxΦ±(s)u± (11)
with
Φ±(s) = exp
(
±
∫ s
0
m(s′)ds′
)
(12)
and u± a chiral eigenstate, σ3u± = ±u±. Only the function Φ−(s) corresponds to a normalizable
solution. This solution describes a chiral zeromode traveling along the interface. It is bound
to the wall and falls off exponentially with growing distance from the wall.
Translating this model to the –infinite– lattice we choose a step function for the mass
m(s) = m0θ(s); θ(s) =


−1; s ≤ −a
0; s = 0
+1; s ≥ a
. (13)
The continuum derivatives are again replaced by finite lattice differences and the Hamiltonian
reads now
H = −σ1 [σ2∂x + σ3∂s +m(s)] . (14)
Imposing an ansatz similar to the continuum solution
Ψ± = eikxΦ±(s)u± (15)
we find again a normalizable solution
Φ−(s) = e−µ0|s| , (16)
with sinh µ0 = m0. This is a solution that is bound to the domain wall, it is chiral and describes
plain waves along the direction of the domain wall. Unfortunately, there exists another solution
which only appears on the lattice
Ψ+ = e
ikxΦ+u+ (17)
with
Φ+(s) = (−1)sΦ−(s) . (18)
This solution describes again a massless fermion traveling along the domain wall, it is also
bound to it and has opposite chirality as compared to the solution Φ−(s), eq.(16). In other
words it is a doubler fermion in the s-direction! Even worse, also the doubler mode in the
x-direction from the corner of the Brillouin zone is a solution. Therefore the spectrum on the
domain wall consists of two chiral fermions with positive chirality and their two doublers –one
in the s and one in the x direction– with opposite chirality.
What we have achieved so far is instead of removing the doubler modes we have created one
in addition. But what if we now try to apply Wilson’s trick adding a higher derivative term?
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The 3-dimensional model we started with is vectorlike as in QCD and we saw that there the
Wilson term is harmless. The Hamiltonian becomes
H = −σ1 [σ2∂x + σ3∂s +m(s)− r(∆x +∆s)] . (19)
Let us set the Wilson coupling r = 1 for the moment and again try an exponential ansatz for
the transverse wavefunction Φ keeping plane wave solutions in the x-direction
Φ±(s± a) = −keff(s)Φ±(s) (20)
with an effective momentum
keff(s) = m0θ(s)− 1− F (k); F (k) = 1− cos(ak) . (21)
In order to obtain normalizable solutions, the functions Φ have to decrease with growing |s| on
both sides of the wall. This implies the following conditions to be fulfilled
Φ+ : |keff | > 1 for s < 0, |keff | < 1 s > 0
Φ− : |keff | < 1 for s < 0, |keff | > 1 s > 0 .
(22)
One recognizes that only one of the solutions is normalizable namely Φ− and that we have to
throw away the Φ+ solution. Thus we are left with only one zeromode solution and we got
rid of the doubler mode in the s-direction (18). Since the doubler mode in the x-direction is
decoupled by the usual Wilson mechanism we remain with a single chiral fermion solution as in
the continuum. This chiral zeromode is bound to the domain wall and exponentially decreases
going away from the wall. The normalizability condition (22) requires
0 < m0 − F (k) < 2 . (23)
This means that for a given value of the domain wall height m0 the chiral zeromode does
not exist for all momenta but only up to some critical momentum kc. At this value the
fermion ceases to be chiral and vanishes in a band of heavy modes. This behaviour is the
important ingredient of the domain wall model. The chiral zeromode only exists as a low energy
phenomenon. For large values of the momentum it becomes heavy and is not distinguishable
from the doubler modes. It therefore does not appear again as a low momentum state at some
other corner of the Brillouin zone.
In [21] the zeromode solutions for general m0 and r values were computed. There the 3-di-
mensional Dirac-operator was studied. Therefore the momentum space becomes 2-dimensional.
The normalizability condition led to a very peculiar zeromode spectrum (see also fig.1 in [21]).
For m/r ≤ 0 no chiral fermions exist. Increasing m/r a chiral fermion is found with the critical
momentum given by m0 = rF (k). Increasing m/r further the value of the critical momentum
keeps growing, too. This continues until atm/r = 2 the maximal critical momentum is reached.
For m/r > 2 the chiral zeromode at the origin of the Brillouin zone ~k = (0, 0) is lost. Instead
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new zeromodes appear at the corners of the Brillouin zone ~k = (π, 0) and ~k = (0, π). They
have the opposite chirality as the one at k ≈ 0. The critical momenta of these new zeromodes
are in the interval determined by m0 = rF (k) for the lower and m0 = r(F (k) + 2) for the
upper momentum interval boundary. Increasing m/r even further we loose these modes again
for m/r > 4 but get a new zeromode at ~k = (π, π) with flipped chirality. Finally, for m/r > 6
the chiral zeromodes disappear completely. Depending on the bare parameters of the domain
wall model one can therefore generate a chiral zeromode spectrum as needed.
2.2 The domain wall model on the finite lattice
The interesting question is, of course, whether the above scenario can be realized on a finite
lattice. There one has the additional complication that some kind of boundary condition has to
be imposed which necessarily induces a second domain wall. In the following we let the lattice
have finite extensions Ls in the s and L in the x-direction and have s ∈ [1, Ls], x ∈ [1, L]. The
domain wall mass will be chosen
m(s) ≡ sinh(µ0)θ(s); θ(s) =


−1 2 ≤ s ≤ Ls
2
+1 Ls
2
+ 2 ≤ s ≤ Ls
0 s = 1, Ls
2
+ 1
. (24)
The finite lattice Hamiltonian including the Wilson term reads
H = −σ1 [σ2∂x + σ3∂s +m(s)− r(∆x +∆s)] . (25)
Due to the finite lattice extension, we have to specify some sort of boundary condition which
will be chosen to be periodic in the s and antiperiodic in the x-direction. The Hamiltonian (25)
can be reduced to only depend on s by imposing plane wave solutions in the x-direction. One
obtains, setting a = 1,
H = −σ1 [σ2 sin(k) + σ3∂s +m(s) + r(cos(k)− 1)− r∆s)] , (26)
where the momenta k are now discretized,
k =
π
L
(n+
1
2
) , n = 0, ..., L− 1 . (27)
This choice of the momenta k corresponds to antiperiodic boundary conditions which will also
be chosen in numerical investigations presented later. They become necessary in numerical
simulations to avoid exact zeromodes which render the simulation algorithms impractical.
In this form the energy eigenvalues and the corresponding eigenfunctions for a given value
of k can be obtained by diagonalizing the Hamiltonian which is a 2Ls⊗2Ls matrix numerically.
In this way one gets the momentum dependent eigenvalues λ±k and their corresponding wave-
functions. The eigenvalues come in ± pairs. In fig.1a the wavefunctions belonging to the lowest
positive eigenvalue λ0 and its negative partner are plotted. One clearly sees that the second
10
Figure 1: The zeromode wavefunctions as obtained from the finite lattice Hamiltonian (26).
The domain wall mass µ0 = 1, the Wilson coupling r = 1 and the lattice size in the x-direction
is L = 32. The horizontal lines indicate the position of the domain walls. Fig. 1a is the domain
wall model with an extension of Ls = 100 in the extra dimension. Fig. 1b is the variant of this
model with open boundary conditions and an extension of Ls = 50 only. Both figures show
that the zeromode wavefunctions are sharply localized on the walls and fall off very rapidly
with growing distance from the wall.
domain wall generates an additional solution which is absent on the infinite lattice. The nice
thing is that both solutions are located on each of their domain walls at s = 1 and s = Ls/2+1.
They have opposite chirality and fall off exponentially going away from the domain wall having
only an exponentially small overlap ∝ e−µ0Ls.
In fig.2a the lowest and the next to lowest positive eigenvalues are plotted as a function of
the lattice momenta k corresponding to antiperiodic boundary conditions. One observes the
existence of the critical momentum kc. The lowest eigenvalue λ0 follows the dispersion relation
of a free lattice fermion sin(k) up to the critical momentum where it vanishes in a band of larger
eigenvalues. In fig. 2a also the next lowest positive eigenvalue λ1 is plotted. For low momenta
where λ0(k) = sin(k) it stays at the order of the lattice cut-off exhibiting a large gap to the
lowest eigenvalue. It stays almost constant as a function of the momenta until at kc ≈ 1 it
combines with λ0. Fig. 2b shows that the mode corresponding to the lowest positive eigenvalue
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really is a chiral fermion. The ratio build from the wavefunction ψ0 belonging to λ0
R =
< ψ0ψ0 >
< ψ0σ1ψ0 >
(28)
indicates the chirality of a mode. It is zero when ψ is a chiral eigenstate and becomes non-zero
if chirality is lost. The figure shows that this happens exactly at the place where the gap λ1−λ0
in fig.2a shrinks to zero which is at kc.
3 The anomaly
The fermion spectrum we have obtained in the previous section looks very promising. We have
two Weyl fermions on the finite lattice living on each of the domain walls. They are separated in
the extra dimension and have an only exponentially small overlap. Besides the chiral fermions
we have the heavy doubler modes on the walls and additional heavy fermions off the wall with
masses at the order of the cut-off. For free domain wall fermions the low energy physics on
both walls appears therefore to describe a chiral theory.
Let us assume that adding gauge fields will not destroy this picture. This is, of course,
a strong assumption but, as we will see, it is at least justified for weak external gauge fields.
Introducing dynamical gauge fields is much more problematic and will be discussed later. A
(2-dimensional) physicist living on one of the walls knowing nothing about he extra dimension
would eventually discover “his” Standard Model – the 2-dimensional chiral Schwinger model.
He would also discover the chiral anomaly and wonder how he could regularize his chiral theory.
If the domain wall model is able to succeed in producing a chiral gauge theory on a wall as
the low energy limit of the 3-dimensional model, it should as a first step generate the correct
anomaly structure for external gauge fields. Therefore the computation of the anomaly in the
2-dimensional Schwinger model is a first crucial step in testing the domain wall approach. Since
at the present stage the gauge fields are only external, we might select our physical wall by
hand. It is therefore irrelevant that the gauge fields connect both chiral zeromodes. What we
are aiming at, is to get a picture of the charge flow in the finite lattice model containing both
walls. For the following calculations we use a variant of the domain wall model as introduced
by Shamir [43] and follow [44] to compute the axial charge in the Hamiltonian formalism from
the spectrum flow.
Shamir’s variant is to not let the mass change its sign across the second domain wall but
to cut it off completely and introduce open boundary conditions instead. The system can
be regarded as being in a box with infinitely high walls at the ends of the extra dimension.
The Hamiltonian analysis of this situation is very similar to the above discussion [43]. In this
setup the chiral zeromodes appear as surface modes on the walls with opposite chirality on the
two borders. We show in fig.1b the zeromode spectrum of the Hamilton operator with open
boundary conditions in the s-direction. As before we keep antiperiodic boundary conditions
12
Figure 2: The lowest and next to lowest positive eigenvalues are plotted in fig.2a against the
lattice momenta k = π(n + 0.5)/L with n = 0, ..., 31 corresponding to a lattice of 32 points
in the x-direction with anti periodic boundary conditions. The parameters are the same as in
fig.1. The dotted line is the energy of a free massless fermion on the lattice, sin(k). One nicely
observes that the lowest eigenvalue λ0 (full squares) follows the sin(k) behaviour whereas the
next mode λ1 (open squares) is at the order of the cutoff and stays almost constant as a function
of k. At a critical value of the momentum kc ≈ 1 the gap λ1−λ0 shrinks to zero. At this point
the lowest mode departures from the sin behaviour. Fig. 2b shows that the mode corresponding
to λ0 is really chiral. Plotted is the ratio R =< ψψ > / < ψσ1ψ > for the eigenfunction of λ0.
R is zero if ψ is a chiral eigenfunction and deviates from zero if the chirality is lost. R becomes
non-zero at exactly the value of k where the two modes in fig.2a combine, i.e. at kc.
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in the x-direction and choose the same parameters as in fig.1a. The figure shows the surface
modes which are again separated in the extra dimension. They have only exponentially small
overlaps and are both eigenstates of σ3, the chiral operator. It is remarkable how similar they
are in shape compared to the domain wall zeromodes depicted in fig.1a. The boundary version
of the domain wall model has the advantage that the lattice in the s-direction is only half that
of the domain wall model. This might lead to an improvement in practice if one thinks of
numerical simulations. This would be the case in particular when the domain wall fermions are
going to be used for simulations of QCD, a prospect we will discuss later.
To see that there really flows an anomalous current along the domain wall we apply a time
dependent external field in the x-direction. We introduce the gauge covariant lattice derivatives
∂x(U) =
1
2
[
Ux,µδx,x+µ − U∗x−µ,µδx−µ,x
]
(29)
and
∆x(U) =
1
2
[
Ux,µδx,x+µ + U
∗
x−µ,µδx−µ,x − 2δx, x
]
. (30)
Here U denotes the usual compact representation of the gauge field. In this review we will for
all discussions only use U(1) gauge fields. Then U is a phase, Ux,µ = e
{iαx,µ} and is related to
the continuum gauge potential Aµ(x) by e
iqAµ(x). The gauge fields will be chosen to be only
2-dimensional and identical on every s-slice. Although this would lead to an interaction of
the surface modes when the gauge fields were fully dynamical, this is not a problem for only
external gauge fields because in this case a domain wall can be singled out by hand.
The Hamilton operator becomes
H = −σ1 [σ2∂x(U) + σ3∂s +m(s)− r(∆x(U) + ∆s)] . (31)
If we think of H being written in terms of creation and annihilation operators ψˆ† and ψˆ, it is
gauge invariant under a gauge transformation
Ux,µ → gxUx,µg∗x+µ ;ψx → gxψx, g ∈ U(1) . (32)
We will choose an external field that is constant in space and varies only in time. For adiabatic
external fields we expect then from the continuum
Q3(t) ≡ q
2π
∫ t
0
dt′
∫
dxǫµνF
µν(x, t′)
= − q
2π
L
∫ t
0
2dt′
∂
∂t′
A(x, t′)
= −2q L
2π
A1(t) . (33)
Here we identify the gauge potential A1(t) = qα(t), with q = 1 the gauge charge and Q3 denotes
the (axial) charge. Due to the gauge invariance (32) the Hamiltonian (31) depends only on
the product of all the gauge links. Thus the gauge potential U = eiα becomes a constant
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global phase factor acquired by a fermion traveling around the finite lattice system. The lattice
Hamiltonian reads in momentum space
H = −σ1 [σ2 sin(k − α) + σ3∂s +m(s) + r(cos(k − α)− 1)− r∆s)] . (34)
This is the free Hamiltonian with momenta shifted by the phase α.
A definition of the axial charge is quite arbitrary on the lattice [45]. Basically one has to
fulfill that opposite charge has to be assigned to the two chiral modes. Defining the vacuum as
the state with all negative energy levels filled, we can define a measure of the charge by
Q3 =
1
Ls − 1
∑
q,s
(Ls − 1− 2s)ψ†s,qψq,s (35)
where the sum goes over the one particle wavefunctions ψs,q above the vacuum. The definition
of Q3 in (35) has the property to be one, if the mode is located exactly to the left domain wall
and minus one if it is located exactly to the opposite wall. For heavy modes that are smeared
over the lattice the contribution to Q3 is zero. In [44] the charge Q3 was measured. The result
is shown in fig.3 where we plot the charge Q3 as a function of the flux α. If we measure α in
units of 2π/L the anomaly equation (33) becomes Q3 = −2α. This behaviour can indeed be
observed in fig.3.
If the external field would really be adiabatic, the turning on of the field would be so slow
that the surface modes on the walls can tunnel through the extra dimension, exchanging there
roles. This would happen at α = 1/2. At this point we will have a change of the zeromode
spectrum (see section 2.1). A filled level on one of the boundaries is just about to become the
positive energy particle and an empty level is about to drop in the sea. We would observe a
jump in the charge by −2 and the system would relax to the ground state at α = 1 resulting
in a zero net charge. This is indicated in fig.3 as the solid line.
We saw, however, that the wavefunctions of the surface fermions are sharply peaked at the
boundary, see fig.1b. Therefore their overlap is exponentially small resulting in a very tiny
tunnel energy δ. For the situation in fig.3, δ ≈ 10−9. Thus 1/δ is the largest timescale in the
problem. Instead of tunneling of both surface states, a particle-hole pair is created and the
charge keeps decreasing towards Q3 = −2 at α = 1. This is represented as the stars in fig.3.
3.1 The resolution of a puzzle
For the reader who knows of the extra dimension there appears to be a puzzle from the results
of the previous section. In every step of the above discussion the odd dimensional model was
gauge invariant and vectorlike. We are also in full accordance with the nogo theorems in that
there are an equal number of left and right handed fermions. The only trick to circumvent
them is that these modes are separated in the extra dimension. In fact, the whole idea was
to study a vector theory in order to be able to use the Wilson mechanism in close analogy to
lattice QCD to decouple the doublers.
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Figure 3: The charge Q3 as function of the “flux” α. The slope is ≈ −2 as expected from the
continuum anomaly equation.
So, how can there be then anomalous charge creation? The resolution of this puzzle are the
anomaly descent relations [15, 16]. Callan and Harvey pointed out that in an odd dimensional
theory with a mass defect in form of a domain wall the heavy modes residing in the extra
dimension off the domain wall do not entirely decouple but produce a Chern-Simons term
in the effective action when they are integrated out. This action generates a Chern-Simons
current which is very similar to a Hall-current in solid state Physics. It flows along the extra
dimension and perpendicular to the gauge current induced by the external field. The Chern-
Simons current is responsible for a charge transport in the extra dimension from one of the
walls to the other. The strength of the Chern-Simons current is different on the two sides
of the wall. Therefore the Chern-Simons current is not divergenceless. Indeed, as could be
shown by Callan and Harvey, the divergence of this current is exactly equal in strength to the
anomaly on the wall. This mechanism makes the even dimensional observer think that charge
just “disappears” or is “generated” out of nowhere. The total 3-dimensional system is anomaly
free and contains an equal number of left and right handed fermions just as demanded by the
nogo theorems.
With these remarks we leave now the Hamiltonian formalism to discuss the domain wall
model and go to the euclidean action formulation in which simulations have to be performed in
the end. We start with an explicit lattice computation of the Chern-Simons current, confirming
the continuum picture of the anomaly cancellation by Callan and Harvey being realized on the
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lattice, too.
4 Euclidean lattice action for domain wall fermions
The Hamilton formalism for free domain wall fermions discussed in the previous two sections
led to some remarkable properties of the domain wall model in its wall-anti-wall realization on
a finite lattice. There is a single Weyl fermion bound to the domain wall with its chiral partner
living on the anti domain wall separated through the extra dimension. All other doubler modes
are heavy and decoupled by means of the Wilson mechanism. From the spectral flow we saw that
the charge on the domain wall very closely followed the continuum anomaly equation. These
properties are certainly very essential building blocks should the model succeed in describing
a chiral gauge theory on the lattice. Would it have failed at this point, there would have been
no reason to continue with its investigation. The considerations of the last sections can be
regarded as some necessary first checks every lattice chiral fermion proposal should pass in
order to have a chance of being successful.
Our aim is a non-perturbative understanding of a chiral lattice model. This will most
probably involve a numerical simulation at one stage. Such simulations are done by evaluating
the –euclidean– path integral
Z =
∫
DψDψDUeSG+SF (36)
with SG the gauge field action and SF the fermionic part. We will not give the explicit form of
both actions. Various alternatives will be discussed in the next section when possible additions
of dynamical gauge fields to the domain wall model are discussed. Since we are aiming at a
euclidean lattice description, we switch now the language going from the Hamiltonian formalism
to the path integral formulation of the model. We start by performing an explicit calculation
of the Chern-Simons current on the lattice. We will in the following stay in the d = 2 + 1
dimensional setting and will always have abelian gauge fields.
In their continuum calculation, Callan and Harvey pointed out [15] that in a situation with
a mass defect in odd dimensions there is a Chern-Simons current which is generated by the
heavy fermions living far off the wall. This current has opposite sign on the two sides of the
wall and its divergence is hence non-zero. In fact, Callan and Harvey computed the divergence
of the Chern-Simons current and found that it exactly reproduces the coefficient of the anomaly
generated by the chiral zeromode on the domain wall. It is this mechanism which gives hope
that the domain wall model is able to provide the anomalies which are needed for a reproduction
of the anomaly structure in the Standard Model.
The Callan-Harvey analysis can be considered to be incomplete in two aspects. (i) The
computation of Callan and Harvey has been done far off the wall and a computation also close
to the wall would be desirable. (ii) The Chern-Simons coefficient is regulator dependent and it
should be computed in different regularizations. In fact, the continuum calculation of Callan
and Harvey was done without imposing a regularization at all. We will improve this situation
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by presenting an analysis of the Chern-Simons current that is valid also arbitrary close to the
wall [46] and give an explicit lattice computation of the Chern-Simons current [47, 22, 48].
(i) The effective Chern-Simons action is obtained when the heavy fermion modes are in-
tegrated out. The gauge variation of this action then leads to the Chern-Simons current the
coefficient of which can be calculated in the low energy limit. This program has been gone
through in the continuum by Callan and Harvey. However, their computation was done far off
the domain wall where the mass defect can be considered as constant. It would be obviously
desirable to have an analogous calculation also arbitrary close to the wall 2.
Such a continuum calculation has recently been given in [46]. Choosing the mass defect in
the form
m(s) = m0 tanh(m0s) (37)
we search for solutions of the eigenvalue equation in Minkowski space σ1 {iσµ∂/∂xµ +m(s)}ψλ =
λψλ, µ = 1, 2, 3. The problem of solving this equation for the 3-dimensional free domain wall
system can be transformed to that of a quantum mechanical scattering problem with a modified
Po¨schl-Teller potential which can be solved exactly. Thus we not only get the chiral zeromode
solution discussed in section 2, but also all the heavy fermion solutions. From the wavefunctions
ψλ and the eigenvalues λ the propagator G(z, z
′), z = (x, t, s) can be calculated
G(z, z′) =
∑
λ
ψλ(z)ψλ(z
′)
λ
. (38)
In momentum space G is found to consist of two parts, G = Gchiral +Gmassive. For Gchiral one
finds
Gchiral(z, z
′) ∝
∫
d2k
(2π)2
σ1k1 + σ2k2
k20 − k21
e−i(x−x
′)k1−i(t−t′)k2 . (39)
This is the 2-dimensional massless propagator of a chiral fermion. The prefactor which is left
out in (39) gives the s-dependence of the propagator. It reproduces the result we found earlier
that it is bound to the wall with an exponential fall off when going away. A similar form for
the propagator exhibiting its chiral structure was obtained in [52, 19]. In addition to the chiral
propagator also the one for the heavy modes can be computed
Gmassive(z, z
′) =
∫
d3k
(2π)3
σµkµ +M
k2 −m20
e−i(z−z
′)k ;µ = 1, 2, 3 (40)
with
M =

 −m(s) m12(s)
0 −m(s′)

 (41)
2 This is even more so for the following reason. In [49] it was pointed out that on a domain wall one should
find the covariant anomaly. This is indicated by the strength of divergence of the Chern-Simons current. On the
other hand, the anomaly of a 2-dimensional chiral theory is the consistent one as required by the Wess-Zumino
consistency condition [50]. In [51] it was shown that by adding an extra term the consistent anomaly can be
made covariant. It may be expected [49] that such an extra piece can be provided in the 2-dimensional system
from the effective Chern-Simons action in 3-dimensions.
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where
m12 =
k0 + k1
k22 +m
2
0
[
m(s)m(s′) + ik2(m(s′)−m(s))−m20
]
. (42)
This describes a massive fermion. By analytic continuation to imaginary time the propagators
(39) and (40) can be written in euclidean space where they will be denoted by SE and can
such be used for the computation of the effective action in background gauge fields Aµ which
in 1-loop is
Seff [A] =
1
2
∫
d3zd3z′Aµ(z)V µνAν(z′) (43)
where
V µν = TrγµSE(z, z
′)γνSE(z, z′) . (44)
The expression in (43) can be calculated in the m0 →∞ limit taking the gauge fields to be
slowly varying. One finds the effective action to consist of two parts
Seff = S
CS
eff + S
chiral
eff (45)
with a Chern-Simons piece
SCSeff = ǫ
µρν−i
8π
∫
d3zsign(s)Aµ∂ρAν (46)
with µ, ν, ρ = 1, 2, 3 and a chiral piece
Schiraleff = −
m20
32π2
∫
d3zd3z′Aa(z)Ab(z′)
yay∗b + yby∗a
‖y‖4 [1− f(y, s− s
′)]2 sech2(m0s)sech
2(m0s
′)
(47)
where y = (x− x′, t− t′), ya∗ = iǫabyb is the dual of ya, the 2-dimensional index a = x, t and
f(y, s− s′) = e
−m0‖z‖
‖z‖ [‖z‖ cosh(m0(s− s
′)) + (s− s′) sinh(m0(s− s′))] . (48)
The Chern-Simons part SCSeff is the known result [15]. We see, however, that there appears
an additional piece Schiraleff which has not been computed before. As we will see now this piece
is the extra part as advocated in [49, 51] to find the covariant anomaly on the domain wall.
We compute the currents by a gauge variation
Jµ =
δSeff
δAµ
(49)
Jµ = − i
4π
sign(s)ǫµρν∂
ρAµ +
i
4π
δµaǫabA
bδ(s) . (50)
From the current in (50) we can see that we have obtained the Chern-Simons current as the
first term. Its divergence comes from the different sign of the mass on the two sides of the wall.
There is an additional piece in the current, residing exactly on the wall. It is this piece that
gives an extra contribution to the divergence equations, making the anomaly on the wall the
covariant one.
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(ii) We now proceed, discussing the second criticism of the Callan-Harvey computation,
the regularization dependence of the Chern-Simons coefficient. For this purpose we describe a
computation of the Chern-Simons current imposing a lattice regularization. We will work on
an infinite lattice and keep the odd dimensions d = 3, although the results hold for arbitrary
odd dimensions. We are interested in the low energy coefficient c of the Chern-Simons action
ΓCS which is obtained when the heavy fermions are integrated out. This leads to an effective
action Seff = cΓCS,
ΓCS = ǫµνρ
∫
d3xAµ∂νAρ . (51)
The coefficient c is dimensionless and the Chern-Simons operator will therefore not decouple
for large fermion masses. A discussion that heavy fermion masses may not really decouple from
the low energy physics is given in [53]. The Chern-Simons coefficient c can be computed from
the low energy portion of the vacuum polarization graph in fig.4. One obtains
c =
i
3!
ǫµνρ
∂
∂qν
∫
d3p
(2π)3
Tr [S(p)Λµ(p, p− q)S(p− q)Λρ(p− q, p)]|q=0 . (52)
Here S(p) is the free fermion lattice propagator which will be specified later and Λµ is the photon
vertex. The integration in (52) is understood to be taken over the 3-dimensional Brillouin zone.
A first observation is that due to gauge invariance the photon vertex may be replaced in favour
of the fermion propagator via the Ward identity
Λµ(p, p) = −i ∂
∂pµ
S−1(p). (53)
Upon differentiation with respect to ∂/∂qρ, the coefficient can be written as
c =
−i
3!
ǫµνρ
∫
d3p
(2π)3
Tr
{[
S(p)∂µS
−1(p)
] [
S(p)∂νS
−1(p)
] [
S(p)∂ρS
−1(p)
]}
. (54)
The free lattice propagators S contains the lattice momenta sin(p). Therefore the lattice integral
(54) appears to be quite horrible to compute. By exploiting its topological properties its
calculation will become tractable, however. The topological significance of the above integral
can be seen by noting that S−1 may be generically written as
S−1 = a(p) + i~b(p)~σ
= N(p)
[
cos(|θ(p)|) + iθˆ~σ sin(|θ(p)|)
]
≡ N(p)V (p) (55)
where
N(p) =
√
a2 +~b(p)~b(p) , ~θ(p) = bˆ arctan(|~b|/a) . (56)
Quantities with an arrow denote a 3-dimensional vector and with a hat the corresponding unit
vector. In this notation V (p) is seen to be a 2 × 2 unitary matrix. The integral (54) does
not depend on N(p) provided that S−1(p) does not vanish. Thus S and S−1 may be replaced
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Figure 4: The vacuum polarization graph. The low energy portion of this graph leads to the
Chern-Simons coefficient to be calculated for the anomaly.
everywhere by V and V †. The matrix V describes a mapping from the torus T 3 to the sphere
S3. The integral (54) is then nothing else but the winding number of this map. Consequently
it can only take integer values up to some normalization constant. The 3-dimensional example
we have worked out here can be extended to arbitrary dimensions.
To be specific we now take the usual fermion propagator for Wilson fermions for a constant
mass m,
S−1(p) =
3∑
µ=1
iσµ sin pµ +m+ r
3∑
µ=1
(1− cos pµ) . (57)
The winding number can only change where S−1 = 0. This happens only for momenta
at the corners of the Brillouin zone and when the ratio m/r = 0, 2, 4, 6 as can be seen from
(8). For the ratio m/r → ±∞, V (p) → ±1 and the integral vanishes. Therefore the Chern-
Simons coefficient will be zero for m/r < 0 and m/r > 6. Otherwise the integral (54) is
piecewise constant and gives only contributions for momenta in an infinitesimal region around
the Brillouin corners at the given values of m/r. To evaluate the integral we then only have
to pick up these contributions and sum over them. Since the change of the winding number
happens at the corners of the Brillouin zone we may expand the sin and cos function which
leads us to evaluate
dc
dm
= −i
3∑
k=0
(−1)k d
dm
∫ d3p
(2π)3
m− 2rk
[p2 + (m− 2rk)2]2
= − i
2π
3∑
k=0
(−1)k

 3
k

 δ(m− 2rk). (58)
Our final task is then a trivial integration to get the coefficient as
c = − i
4π
3∑
k=0

 3
k

 m− 2rk
|m− 2rk| . (59)
21
We want to remark at this point that the above derivation can be extended for arbitrary
dimensions. The integral (54) describes then a map from the torus T d onto the sphere Sd
and the homotopy classes of these mappings are identified by integers. Therefore the whole
calculation of the Chern-Simons coefficient follows very closely the above discussion.
We now want to apply the result found above for the domain wall model we are interested
in. We plot in fig.5 the integer part of the integral (54) as a function of m/r (dotted line).
The dashed line corresponds to the chiral zeromode spectrum as discussed in section (2.1). A
value of +1 means one chiral fermion with positive chirality, −2 means two chiral fermions with
negative chirality etc. Clearly the Chern-Simons coefficient follows exactly the behaviour of the
change of the chiral zeromode spectrum with m/r.
One peculiar feature of the Chern-Simons coefficient is that it is zero for negative m/r.
Since in the domain wall model r is positive and m has different signs on the two sides of
the wall, this means that the Chern-Simons current flows only on one side of the wall. This
is to be contrasted with the continuum analysis which reveals that the current flows with
equal strength but opposite signs on the two sides of the wall. Furthermore, if we take for
example m = r = 1 the value of the Chern-Simons coefficient is c = −i/2π for m > 0 which is
exactly twice the continuum value. Thus we find that the strength of the Chern-Simons current
depends on the regularization used as already emphasized in [47]. Of course, the divergence of
the Chern-Simons current across the wall comes out the same in both calculations giving the
correct strength of the anomaly. It is quite remarkable that the appearance of the anomaly
on the lattice holds also for values of the domain wall mass at the order of the lattice cut-off.
The fact that the Chern-Simons current flows only on one side of the wall motivates even more
Shamir’s approach to use free boundary conditions with the signs of the Wilson coupling and
the mass chosen such that we will have current flow.
The result for the 3-dimensional system discussed above can be generalized to arbitrary
dimensions. In d = 2n + 1 dimensions the number of chiral zeromodes bound to the domain
wall is for 2k < |m
r
| < 2k + 2, 0 ≤ k ≤ d− 1

 d− 1
k

 (60)
with the chirality of the modes to be (−1)ksign(m). The corresponding Chern-Simons current
is
JCSµ (lattice)
JCSµ (continuum)
= 2(−1)k

 d− 1
k

 (61)
with the continuum Chern-Simons current in d = 2n+ 1 dimensions given as
JCSµ =
i(−1)n
(4π)nn!|m|ǫµα1..α2n+1Fα1α2 ...Fα2nα2n+1 . (62)
The above scenario can be implemented on a finite lattice of size L2Ls. The euclidean lattice
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Figure 5: The integer part of the Chern-Simons coefficient (dotted line) as a function of
m/r. The dashed line indicates the chiral zeromode spectrum. +1 means 1 chiral zeromode
with positive chirality, −2 is two chiral zeromodes with negative chirality. For m/r < 0 and
m/r > 2d the spectrum contains no chiral zeromode and the Chern-Simons current vanishes,
accordingly.
action for free domain wall fermions is given by
S =
1
2
∑
z,µ
[
ψzγµψz+µ − ψz+µγµψz
]
+m(s)
∑
z
ψzψz
+
r
2
∑
z,µ
[
−2ψzψz + ψzψz+µ + ψz+µψz
]
(63)
with z = (x, t, s) and µ = 1, ..., 3. We can couple external abelian gauge fields to the fermions in
close analogy to the Hamiltonian (31) by making the finite lattice differences gauge covariant,
see eqs. (29,30). Note that at this point the gauge fields are purely external. How to write
down a dynamical gauge field action will be discussed in the next section. The lattice current
is obtained by a gauge variation of the action and reads [1]
jµz =
1
2
[
ψzγµUz,µψz+µ + ψz+µγµU
∗
z,µψz
]
+
r
2
[
ψzUz,µψz+µ − ψz+µU∗z,µψz
]
. (64)
We will choose a t-dependent external gauge field
Uz,µ=2 = exp{−iq
[
L
2π
E0 cos(
2π
L
(t− 1))
]
} (65)
and make E0 ≪ 1 in order to stay in the low energy regime and below the critical momentum
kc. The U ’s in the other directions have been set to one.
As we are considering free fermions in an external gauge field background, the matrix
elements of the current can be computed from the inverse fermion matrix using standard nu-
merical techniques like Conjugate Gradient for the matrix inversion. Note, that in this way
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the computation of the current is –up to rounding errors– exact. In particular, no simulation
is involved.
Since the width of the wavefunction in the extra dimension is finite, see fig.1, we will sum
the current over the range in s corresponding to the support Λψ of the wavefunction. Then we
evaluate the divergence
< ∂iji >≡
∑
s∈Λψ
∂iji(t, x, s) , i = (t, x) . (66)
According to the discussion for the Hamiltonian formalism we expect the anomaly equation
to be satisfied
< ∂iji >= ± q
2
2π
Eeff(t) (67)
where the effective electric field Eeff for small E0 is given by
Eeff =
sin(2pi
L
)
2pi
L
E0 sin(t− 1) (68)
and the sign is determined by the chirality of the mode. Choosing first the Wilson parameter
r = 0 and a charge of q = +1, it is found that the divergence of the current (66) vanishes. This
is perfectly consistent with the fact that for r = 0 the doubler modes are still in the spectrum,
cancelling the anomaly.
Turning the Wilson parameter on should change the picture. We expect the doublers to
become decoupled and the anomaly equation to be satisfied. The divergences of the currents
computed for charges of q = 3, 4, 5 and chirality +1,+1,−1 are shown in fig.6. Each of them
follow the anomaly equation individually up to a few %. Taking the sum of them the total diver-
gence vanishes which corresponds to the anomaly cancellation as predicted by the Pythagorean
relation 32 + 42 − 52 = 0. In particular, the numerical results confirm that the Chern-Simons
current flows only on side of the wall [54]. Thus we see both, the individual anomaly for a
fermion with a given charge and the cancellation of the anomalies if the fermions are in an
anomaly free representation.
5 Coupling to gauge fields
Despite all the positive results we found in the previous sections the crucial question remains,
whether we can keep the chiral zeromodes decoupled from each other when the gauge fields
are made dynamical. The danger is that the gauge fields might induce an interaction between
the two domain walls. We will discuss two proposals of coupling gauge fields to domain wall
fermions. In a first attempt, the gauge field is 5-dimensional. The gauge couplings are chosen
differently for the 4-dimensional fields and in the fifth direction. The hope in this approach is
that by tuning the 4-dimensional gauge coupling to zero and making the coupling in the fifth
direction strong at the same time, physics is confined to 4 dimensions. One then might perform
the usual continuum limit in 4 dimensions while keeping the chiral structure of the theory.
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Figure 6: The divergence of the (1+1)-dimensional gauge current in an external gauge field.
The system consists of fermions with charge q = 3, 4, 5 and chirality +,+,−, respectively. Each
of the currents obey the lattice anomaly equation individually. The sum of the currents vanish
due to the anomaly cancellation.
We will see, however, that this path does not lead to the desired result, namely a 4-
dimensional chiral gauge theory. The failure of this approach suggests that one has to keep the
gauge fields strictly 4-dimensional from the very beginning. In order not to couple both walls,
the gauge fields have to be switched off on one of the domain walls such that only one wall is
gauged. We will thus have a situation with identical 4-dimensional gauge fields on a number of
s-slices around a wall and U = 1 in the complementary region around the anti-wall. Clearly,
at the boundary where both regions meet we loose gauge invariance. This can be repaired by
introducing a scalar (or Stu¨ckelberg) field at this boundary. However, as we will see, there exist
light mirror fermions living on the boundary. They can interact with the chiral zeromode on
the gauged domain wall thus rendering the theory vectorlike again.
5.1 Dimensional reduction
In this first way to couple the gauge fields the gauge interaction is split into a purely 4-
dimensional part and a piece that contains the gauge fields in the fifth direction. Both parts
are equipped with different gauge couplings. For the possible phase structure and the question
of whether one may obtain a chiral gauge theory we will consider a 5-dimensional system. The
reason for making a departure from our 3-dimensional setup will become clear later. For the
discussion it is sufficient in a first step to consider the pure gauge theory alone. We will choose
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U(1)-gauge fields. The action becomes
S(U) =
∑
x,s

β4 4∑
µ,ν=1
Re(Usx,µU
s
x+µ,νU
∗s
x+ν,µU
∗s
x,ν) + β5
∑
µ
Re(Usx,µV
s
x+µU
∗s+1
x,µ V
∗s
x )

 . (69)
Here β4 = 1/g
2
4 is the 4-dimensional and β5 = 1/g
2
5 the 5-dimensional inverse gauge coupling
squared. We have denoted with U the gauge fields living in 4 dimensions and with V the ones
in the extra dimension. Thinking of s more as a flavour space than an extra dimension, we have
denoted the s-dependence with a superscript on the fields. Note that the role of the V -fields
look very much as that of scalar fields coupling to 4-dimensional gauge fields in some peculiar
flavour space. We are interested in the properties of this 5-dimensional gauge theory in the
limit of large β4 corresponding to the continuum limit in 4 dimensions.
Letting the gauge fields be Ux,µ = e
iθx,µ and V = eiθ
′
x,µ the path integral is
Z =
∫
Dθx,µDθ′x,µe−S(θx,µ,θ
′
x,µ) . (70)
We consider this model in the meanfield approximation [55, 56] which is obtained by inserting
1 =
∫
Dvx,µ
∫ i∞
−i∞
Dα exp
{∑
x,µ
[αx,µ (vx,µ − θx,µ)]
}
(71)
in the path integral. In (71) the mean field v is a complex variable living on the links of the
lattice and α an auxiliary field. There is an analogous expression for θ′. Now the integration
over the original link variables θ and θ′ decouple and the path integral becomes
Z =
∫
Dv
∫
Dα exp


∑
x,s

β4 4∑
µ,ν=1
Revx,µν + β5
∑
µ
Revx,µ5

+W (α) +W (α′)− vα− v′α′


(72)
where
W (α) =
∫ 2pi
0
dθx,µe
iαθx,µ (73)
and vx,µν denotes the product of the v’s around an elementary plaquette in 4 dimensions and
vx,µ5 the corresponding expression in the fifth direction. A saddle point of the action in (72) is
obtained by solving
∂S
∂v
= α ; ∂S
∂v′
= α′
∂W
∂α
= v ; ∂W
∂α′
= v′ .
(74)
Searching for translational invariant solutions by setting v and v′ to constants, the explicit
equations at tree level are [56]
α = 2(d− 2)β4v3 + 2β5v′2v + 2β4v
α′ = β5
(
2(d− 1)v2v′ + 2v′
)
(75)
and
v = I1(α)
I0(α)
; v′ = I1(α
′)
I0(α′)
(76)
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Figure 7: The phase diagram as obtained from a numerical simulation of the 5-dimensional
U(1) gauge theory for an 84 lattice. Only the portion for large β4 is relevant for the continuum
limit.
where
Ik(α) =
1
π
∫ pi
0
dθ cosk(θ)eα cos(θ) . (77)
In principle there appear three different phases see [56] and fig.7. However, we are only
interested in the large β4 limit and will not discuss the phase with v = 0 and v
′ = 0. For large
β4 one finds a layered phase with v > 0, v
′ = 0 and separated from it by a phase transition at βc5
a symmetry broken phase with v > 0 and v′ > 0. The layered phase is characterized by the fact
that a charged particle will only move along the layer and can not hop between layers. Therefore
if one would live inside a layer one would basically only experience 4-dimensional physics. In
[56] it was argued that such a phase only appears when the lower dimension is greater than
two. Thus an investigation of a 3-dimensional system would simply miss the layered phase and
might lead to wrong conclusions. In fig.7 we show the phase diagram of the 5-dimensional pure
U(1) gauge theory. It is obtained by means of numerical simulations on an 84 lattice. As is
predicted by the meanfield computation, there are indeed two phases at large β4. One of them
has v > 0 ans v′ > 0 and corresponds to the symmetry broken phase. For β5 < βc5 there appears
the layered phase which is the promising phase to obtain 4-dimensional physics. Taking the
1-loop corrections to the mean field equations into account, the phase diagram remains stable.
The fermions are included via the action
SF =
∑
x,s
4∑
µ=1
ψ
s
x [(∂x(U)γµ −∆x(U) +m(s)]ψsx
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+
1
2
∑
x,s
ψ
s
x [V
s
x δs,s+µ5(1 + γ5) + V
∗s
x δs−µ5,s(1− γ5)− 2δs, s]ψsx (78)
where we have separated the 4-dimensional part from the part in the fifth direction and set
r = 1. Again we have written the s-label as a “flavour” label and µ5 denotes a unit vector in the
5-direction. In [24] it was shown that the fermions lead only to a slight modification of the mean
field equations and that the phase structure depicted in fig.7 remains stable when fermions are
taken into account. The interesting question, of course, concerns the dynamics of the fermions
in the layered phase. One might get a hint by an inspection of the action itself [25]. In the
layered phase v′ = 0 corresponding to set V in the action (78) to zero. But then the action
looks like a normal 4-dimensional Wilson action in each layer. Indeed, in [24] the fluctuations
to the tree level saddle point solution were computed to get the fermion propagator. As a result
one finds for every s-slice the 4-dimensional Wilson propagator. This means that the theory
–though truly 4-dimensional– is vectorlike in each s-layer. Therefore we have to throw away
the region β4 ≫ 1 and β5 < βc5 as a possible corner of the phase diagram for a construction of
a chiral gauge theory from domain wall fermions.
In [27] it could be proven by the hopping parameter expansion that for β5 ≪ 1 the fermion
propagator is parity invariant, with the parity transformation defined such that for xi → −xi
with x being the 4-dimensional coordinate
ψ → γ0ψ , ψ → ψγ0 . (79)
Therefore there is a complete symmetry between left and right handed modes. Thus the theory
is completely vectorlike in each layer strengthening the above conclusions.
What remains is the possibility that β5 > β
c
5 [25], i.e. v > 0, v
′ > 0. In this situation we
have symmetry breaking. In each s slice there is a G = U(1) ⊗ U(1) symmetry such that the
total symmetry group is GLs when the extent of the system in the fifth direction is Ls. For
v′ > 0 this symmetry is broken to its diagonal subgroup G. Then we are left with Ls−1 massive
gauge bosons with a mass mG ∝ v′. However, there will remain one massless gaugefield which
does not depend on s. This gauge field couples equally to the modes at the domain and the
anti-domain wall. Therefore, although we still would have the zeromodes on the domain walls,
they can communicate via the massless gauge boson. We expect therefore the model again to
be vectorlike.
5.2 Waveguide model
The previous section showed that starting with 5-dimensional gauge fields does –most probably–
not lead to a chiral theory via dimensional reduction. Obviously the gauge fields have to be
strictly 4-dimensional from the very beginning. This becomes a more natural point of view if
one considers the extra dimension as a flavour space with a somewhat unusual flavour matrix.
On the finite lattice with two domain walls not all s-slices (flavours) can be gauged. This would
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immediately lead to the possibility that the zeromodes on both domain walls communicate,
rendering the theory vectorlike.
One might therefore try a scenario where only one of the domain walls is gauged and
can interact with the gauge fields. This corresponds to taking a number of s-slices around a
domain wall and put identical 4-dimensional gauge fields on each of these slices leaving the
complementary s-slices ungauged. That the gauge fields have to be identical is again motivated
from the flavour space picture. In this way both walls are completely shielded from each other.
However, following the above prescription one notices that at the s-layer where a gauged s-slice
meets an ungauged layer gauge invariance is broken.
One possibility is that one does not worry about broken gauge invariance [57]. Indeed,
several chiral fermion proposals exist that start with broken gauge invariance [11]. It is then
hoped that gauge invariance is restored in the continuum limit. However, we want to follow
a path where gauge invariance is kept. Its restoration is actually very easy. One just has to
remember how the Yukawa-coupling in the Standard Model is made gauge invariant, namely
by introducing scalar (or Stu¨ckelberg) fields. From this point of view, the model with broken
gauge invariance can be thought of as the gauge invariant model in the unitary gauge. Thus,
both descriptions are actually completely equivalent [4]. The proposal to couple gauge fields in
the domain wall model is
• keep the gauge fields strictly 4-dimensional,
• gauge only a number of s-slices around one domain wall,
• introduce scalar fields at the boundary of the gauged region.
The gauge fields are then confined to a region in s between the boundaries where the scalar
fields live. Thinking of electromagnetism this resembles a situation where the electromagnetic
waves are trapped in a waveguide which suggests the name “waveguide model” that we will use
from now on.
The introduction of the scalar fields gives rise to a coupling between the fermions and these
fields. It is then natural to equip the resulting interaction with a Yukawa-coupling y. To get
a feeling for the physics of the model proposed, one could first switch off the Yukawa coupling
and set the gauge fields to one. In this situation the zeromode spectrum can be obtained again
from the Hamilton formalism. The result for a 3-dimensional system is shown in fig.8a.
The situation resembles a combination of the domain wall model and the boundary fermion
model. Setting y = 0 cuts the waveguide region completely off and produces open boundary
conditions. Due to our discussion in section (2.2) we expect to find chiral zeromodes where the
mass term is negative. This is indeed what happens. We find the original chiral zeromode on
the domain wall ψL and a chiral surface mode –denoted in the following as “mirror fermion”–
with opposite chirality χR at the boundary. A complementary picture is obtained in the s-region
outside the waveguide.
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Figure 8: The zeromode spectrum in the waveguide model. The boundary where the scalar
fields live are indicated by the shaded stripes. The position of the domain walls are given by
the vertical bar. Fig.8a corresponds to y = 0 and fig.8b to y > 0.
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Staying in a meanfield setup by giving the scalar field a vacuum expectation value v, we
show in fig.8b the spectrum for a non-zero value of y. Now the mirror mode can leak out of the
waveguide region and can combine with the mirror mode from outside the waveguide region to
form a Dirac particle. The mass of this particle is expected to follow the usual perturbative
relation mf = yv.
Let us make clear what we would like to achieve with the waveguide model. Clearly one
wants the chiral zeromode on the domain wall to survive. At the same time, the mirror modes
at the waveguide boundary should be heavy and therefore decouple from the spectrum. This
scenario looks hopeless if the mirror fermion mass follows the perturbative relation. Approach-
ing the phase transition to the symmetric phase, v (in lattice units) approaches zero. Then
also the mirror fermion becomes massless and can consequently not be decoupled. Moreover,
in the symmetric phase the mirror fermions are expected to be massless since there the vacuum
expectation value vanishes identically. We would therefore end up with a variant of Montvay’s
mirror fermion model [58].
What gives hope for the waveguide model is its resemblance to Yukawa-models on the
lattice. In fact, concentrating only on the waveguide boundary one might consider the model
as being just of the Yukawa-type. Such models have been investigated intensively in the last
years. The most surprising and unexpected outcome of these investigations was the discovery
of a new phase at large, non-perturbative values of the Yukawa-coupling [32, 33].
When the Yukawa-coupling is very large, the fermions can easily combine with the scalar
fields and form massive bound states even in the symmetric phase where the vacuum expectation
value is zero. The masses of these states can be at the order of the cutoff such that they decouple
in the continuum limit. What made the Yukawa models not successful for a regularization of a
chiral gauge theory was that the continuum limit in the strong coupling region did not resemble
the Standard Model at all. The fermion spectrum in the continuum limit consisted of only a
neutral Dirac fermion. The necessary charged fermion that would couple to the left handed
gauge field is simply missing and does not appear in the spectrum. What is important is, that
on the other hand it was easy to give the neutral fermion a large mass.
For the domain wall model the situation is different in that we still would have the chiral
zeromode on the domain wall. Here the strong coupling phase would just serve to make the
modes at the waveguide boundary heavy. The real physics –and hopefully a chiral theory–
would appear along the domain wall. The main question in the domain wall approach to chiral
fermions on the lattice is then whether in the waveguide realization a strong coupling phase
exists.
This makes it necessary to explore the phase diagram of the waveguide model. In doing so
we will impose some simplifications. First, we set the gauge fields U = 1. This is certainly
justified as in the continuum limit the gauge coupling becomes small and the gauge fields might
be treated perturbatively. Furthermore, the investigations of Yukawa models on the lattice
revealed the strong coupling region leaving out the gauge fields, too. Therefore it appears
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Figure 9: The phase diagram which would make the waveguide model successful.
to be sufficient to study the system with fermions and scalar fields alone. Secondly, we will
go back again to a 3-dimensional system for the numerical simulations that will be presented
below. Experience from earlier work suggests that they resemble 4-dimensional systems quite
closely [59]. In particular the strong coupling behaviour could also be identified in this lower
dimensional models. Thus the appearance or non-appearance of a strong coupling region in
the 3-dimensional model would strongly point towards that such a region may or may not exist
also in higher dimensional models.
A sketch of the phase diagram which would make the waveguide model successful is shown
in fig.9. There are two Yukawa-couplings. First there is the coupling we introduced at the
waveguide boundary to couple the scalar fields directly to the fermions. Secondly, due to the
exponential fall off, the domain wall fermion will have an –exponentially suppressed– overlap
with the modes at the waveguide boundary and hence couples to the scalar field with a strength
y exp (−m0Ls/4). (The distance of the waveguide boundary to the domain wall is Ls/4, see
fig.8). The phase diagram in these two couplings may have the following phases.
• FM In the ferromagnetic phase the symmetry is spontaneously broken and the scalar
field assumes a vacuum expectation value v > 0. If the model would be successful, there
should be two regions in the FM phase. One with weak coupling behaviour mF ≈ yv and
a strong coupling region with heavy fermions.
• PMW This is the weak paramagnetic phase. Here the symmetry is restored and the
vacuum expectation value v = 0. In this phase the mirror fermions living at the waveguide
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boundary are massless and do not decouple from the spectrum. Therefore it is not possible
to construct a chiral gauge theory in this phase.
• PMS1 A strong paramagnetic phase. This is the phase we are looking for. Here due to the
large Yukawa-coupling the binding of the fermions to the scalar fields at the waveguide
boundary becomes so strong that they combine and form massive bound states. At the
same time the chiral zeromode on the domain wall remains massless. Therefore the mirror
fermions are expected to decouple and we are –hopefully– left with a chiral gauge theory
on the domain wall.
• PMS2 Again a strong paramagnetic phase. However, this time the extension of the system
in the extra dimension is so short that the overlap of the chiral zeromode on the domain
wall with the waveguide boundary becomes non-negligible. Therefore the domain wall
modes can also combine with the scalar fields getting massive in this way. Clearly also in
this phase no chiral fermions can be obtained.
In the following, we will use PMW to indicate a weak coupling behaviour of the fermion mass,
mf ∝ v. PMS will indicate strong coupling behaviour with massive bound states. Note,
that in this way PMS and PMW will not necessarily stand for weak and strong values of the
Yukawa-coupling y.
5.3 The action of the waveguide model
After the qualitative discussion of the previous subsection, we want to become more concrete
and will construct the lattice action suitable for eventual simulations. As we discussed above,
we take the same gauge field on all s-slices inside the waveguide. The index for the extra
dimension will be chosen as a superscript to show the resemblance to the flavour space picture.
We define gauge transformations on the fermion field as
Ψsx → gxΨsx, Ψsx → Ψsxg†x s ∈WG,
Ψsx → Ψsx, Ψsx → Ψsx s 6∈WG,
(80)
WG = {s : s0 ≤ s ≤ s′0} (81)
with gx in a gauge group G. The detailed choice of the boundaries s0 and s
′
0 is not very impor-
tant, provided they are sufficiently far from the domain wall that the zeromode is exponentially
small at the waveguide boundary. For symmetry reasons we shall choose s0 = (Ls + 2)/4 + 1
and s′0 = (3Ls+2)/4, such that the right handed mode at s = Ls/2+1 is located at the center
of the waveguide, see fig. 8. With this choice we have to take Ls − 2 a multiple of four.
Having made this division into a waveguide and its exterior, we note that the model has a
global G×G symmetry:
Ψsx → gΨsx, Ψsx → Ψsxg†, s ∈WG,
Ψsx → hΨsx, Ψsx → Ψsxh†, s 6∈WG.
(82)
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With our choice for the position of the waveguide boundary, there is a symmetry involving
parity plus a reflection in the s-direction with respect to the plane s = s0 − 12 = Ls/4 + 1,
Ψsx → γdΨLs/2+2−sPx , (83)
with Px = (−x1, · · · ,−xd−1, xd) the parity transform of x.
The layers, where gauge invariance is broken are now s0 − 1 to s0 and from s′0 to s′0 + 1.
As discussed in the previous section, this will be repaired by the introduction of scalar fields
(or Stu¨ckelberg field) V at the boundary of the waveguide. Alternatively the scalar field V
might be interpreted as a component of the gauge field in the extra dimension. In this sense
the waveguide model is an improved variation of the actions (69,78) where the gauge fields have
been made 5-dimensional. It corresponds to making the gauge coupling in the fifth dimension
β5 =∞ except at two s-slices, namely at s = s0 and at s = s′0. We obtain the gauge invariant
action (suppressing the even dimensional index x)
SΨ =
∑
s∈WG
Ψ
s
(∂/(U)−∆(U) +ms)Ψs + ∑
s 6∈WG
Ψ
s
(∂/−∆+ms)Ψs
− ∑
s 6=s0−1,s′0
[Ψ
s
PLΨ
s+1 +Ψ
s+1
PRΨ
s] +
∑
s
Ψ
s
Ψs (84)
− y(Ψs0−1V PLΨs0 +Ψs0V †PRΨs0−1)− y(Ψs
′
0V †PLΨs
′
0+1 +Ψ
s′0+1V PRΨ
s′0),
where we have supplied the Yukawa term with a coupling constant y as anticipated. Note that
we take the same scalar field at both waveguide boundaries. Since we have chosen r = 1 we
have written projectors in the hopping terms in s, PR(L) =
1
2
(1 + (−)γ5). ∂/(U) = γµ∂x(U) is
the usual gauge covariant lattice Dirac operator , see (29,30). The field Vx ∈ G is the scalar
field, which can be thought of as a (radially frozen) Higgs field, and which transforms as
Vx → hVxg†x. (85)
The transformation given in eq. (83) remains a symmetry if V transforms as
Vx → V †Px. (86)
Having introduced the scalar field, it is very natural to add a kinetic and an interaction
term for it. It is expected that through renormalization these terms would be generated auto-
matically. Since we have the scalar field to be radially frozen, we choose the standard lattice
form of the non-linear σ model
SV = −κ
∑
x,µ
Tr(VxUx,µV
†
x+µ + h.c.). (87)
The scalar hopping parameter κ is proportional to the bare mass squared. For the pure scalar
theory we will have a broken phase for κ > κc as well as a symmetric phase for κ < κc.
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5.4 Mirror fermion representation of the model
To get more insight into the mode spectrum of the model and to make the interpretation of the
surface modes χL,R in fig.8 as mirror fermions more plausible, we rewrite the action as follows.
Relabel the right and left handed fermion fields, ΨsR,L = PR,LΨ
s as
ψtR = Ψ
s0−1+t
R , ψ
t
L = Ψ
s0−t
L ,
χtL = Ψ
s0−1+t
L , χ
t
R = Ψ
s0−t
R , (88)
and the same for ΨR,L = ΨPL,R (note the reversal of L and R). The new label t runs from 1 to
Lt ≡ Ls/2. In fig. 8 we have indicated this new labeling for the zeromode wave functions shown
there. With our choice for s0, s
′
0 and Ls we can define a domain wall mass for both fields ψ
and χ, which is a step function in t satisfying,
µt = ms0−1+t = ms0−t. (89)
With this relabeling the two domain wall zeromodes will reside in the Dirac fermion field ψ,
whereas the waveguide boundary zeromodes will reside in χ. After substituting eq. (88) into
eq. (84) with U = 1, the action turns into
Sψχ =
Lt∑
t=1
(
ψ
t
∂/ψt + χt∂/χt + χt(−∆+ µt)ψt + ψt(−∆+ µt)χt
)
−
Lt−1∑
t=1
(
ψ
t
χt+1 + χt+1ψt
)
+
∑
t
(
χtψt + ψ
t
χt
)
− yχ1(V PL + V †PR)χ1 − yψLt(V †PL + V PR)ψLt . (90)
In this form, the action resembles that of an Lt-flavour mirror fermion model in the fashion
of ref. [58], with ψ the fermion and χ the mirror fermion field. In fact, for Ls = 2 the hopping
terms in t are absent, µt = 0 and the model reduces to the mirror fermion model of ref. [58] with
equal Yukawa couplings for the fermion and the mirror fermion, and a vanishing single-site mass
term. For Ls > 2 the model has a more complicated mass matrix (i.e. non-diagonal couplings
among the flavours s or t) and if the model is going to be more successful in decoupling the
mirror fermion than the traditional mirror fermion approach, it must come from this mass term.
The mass matrix for the Lt flavours in the model is not diagonal but this can be remedied
by more rewriting. First we expand the fermion fields in a plane wave basis, which diagonalizes
the Dirac operator and Wilson term, ψsx =
∑
p e
ixpψsp, ψ
s
x =
∑
p e
−ixpψ
s
p. Here
∑
p is a normalized
sum over the momenta on the d dimensional lattice,
∑
p 1 = 1. Then we can write,
Sψχ =
Lt∑
t=1
∑
p
(
iψ
t
ps/pψ
t
p + iχ
t
ps/pχ
t
p + χ
t
p(wp + µ
t)ψtp + ψ
t
p(wp + µ
t)χtp
)
−
Lt−1∑
t=1
(
ψ
t
pχ
t+1
p + χ
t+1
p ψ
t
p
)
+
∑
t
(
ψ
t
pχ
t
p + χ
t
pψ
t
p
)
− y∑
pq
(
χ1p(Vp−qPL + V
†
q−pPR)χ
1
q + ψ
Lt
p (V
†
q−pPL + Vp−qPR)ψ
Lt
q
)
, (91)
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with s/p =
∑
µ γµ sin(pµ), wp the diagonal form of the Wilson term, wp =
∑
µ(1 − cos(pµ)) and
Vp the Fourier transform of Vx. For y = 0 the action has the schematic form
Sψχ = (ψ χ)

 is/ M †
M is/



 ψ
χ

 , (92)
with M a (p dependent) matrix in flavour space, which can be read off from eq. (91). This
action can be diagonalized by making unitary transformations on ψ and χ,
ωf = F †ftψ
t, ωf = ψ
t
Ftf ,
ξf = G†ftχ
t, ξ
f
= χtGtf ,
(93)
such that G†fsMstFtg = µfδfg. The matrices F and G are eigenfunctions of M
†M and MM †
respectively, labeled by the index f :
(M †M)stFtf = |µf |2Fsf , (MM †)stGtf = |µf |2Gsf . (94)
For suitable choices of the phases of the eigenfunctions, the µf ’s are real. Substituting the
mode expansion (93) into the action (91) with the momentum label restored, we arrive at
Sψχ =
Lt∑
f=1
∑
p
(
ωfpis/pω
f
p + ξ
f
pis/pξ
f
p + ξ
f
pµ
f
pω
f
p + ω
f
pµ
f
pξ
f
p
)
(95)
−y ∑
fg,pq
[
ξ
f
pG
p†
f1(Vp−qPL + V
†
q−pPR)G
q
1gξ
g
q + ω
f
pF
p†
fLt(V
†
q−pPL + Vp−qPR)F
q
Ltgω
g
q
]
.
In this representation of the model, it is seen that all fermion modes ωf and ξf interact with
the scalar field, but that their effective Yukawa-coupling is determined by the magnitude of
their wave function at the waveguide boundaries t = 1 and t = Lt. This leads then naturally
to the introduction of the two Yukawa-couplings we used in fig.9 to parametrize the phase
diagram. There we use the value of the wavefunction of the mirrormode at the waveguide
boundary which gives just y and the value of the domain wall fermion at the boundary which is
ye−m0Ls/4. For y = 0 the model is seen to describe free, degenerate fermions and mirror fermions
with momentum dependent mass µfp (for µ
f
p 6= 0, the eigenstates are ωfp + ξfp and ωfp − ξfp ).
Exactly one flavour, which we denote with f = 0, has µ0p = 0 (up to terms exponentially
suppressed in Ls) for |pˆ| < pc, where pc is the critical momentum defined in sect. 2.1. For r = 1
and m0 close to 1, the critical momentum is pc ≈
√
2. All other µfp and also µ
0
p for p outside
the critical momentum region, are O(1) in lattice units.
This shows that for y = 0 and momenta |pˆ| <∼ pc, the model contains a massless fermion,
ω0, as well as a massless mirror fermion, ξ0. All other modes (f 6= 0) as well as the species
doublers have a mass of the order of the cutoff. The species doublers of the zeromode f = 0
are massive because µ0p is O(1) for momenta with pµ = ±π.
As was discussed already in section 5.2, fig.8 shows the t-dependence of the zeromodes F t0
and Gt0 of the fermion (indicated by ψ in the figure) and mirror fermion (indicated by χ) for
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the smallest momenta |p| = π/L ≪ pc. It shows that the zeromode for the fermion is sharply
peaked at t = (Lt + 1)/2, i.e. at the domain wall and the zeromode for the mirror fermion is
localized at the boundary, at t = Lt. The non-zeromodes, which are not shown in this figure,
are not localized.
5.5 Large y expansion
The previous sections introduced the action of the waveguide model and through a mode
expansion exhibited its mode spectrum. In addition to the chiral zeromode on the domain wall,
new mirror fermion modes appeared at the wave guide boundary. It can be expected that the
mirror zeromodes found for y = 0, which are depicted in fig.8a, remain light and proportional to
the vacuum expectation value v for small but non-zero y. The interesting question is whether
for large values of the Yukawa-coupling the zeromodes at the waveguide boundary become
massive and eventually decouple.
As fig.8 and the discussion of the previous section suggests, things may be simplified by
regarding a system with one waveguide only and to consider the effective scalar-fermion model
at the waveguide boundary alone. To get some insight into the spectrum at large y, one can
try to perform a 1/y expansion of the so truncated model [60]. Again the gauge fields will be
set to U = 1. The 1/y expansion is obtained by first relabeling the fermion fields in s, while
suppressing the even dimensional index
χs = Ψs , s < s
′
0,
χRs′0
= ΨRs′0
; χLs′0
= ΨLs′0+1
,
χs = Ψs+1 , s > s
′
0
ψR = ΨR,s′0+1
; ψL = ΨL,s′0
.
(96)
By rescaling the field ψ → 1√
y
ψ the action becomes
SF =
∑
s
(χs∂/χs + χsa(s)(−∆+m− 1)χs)
+
∑
s
(
χLsχRs+1 + χRs+1χLs
)
+ ψLV ψR + ψRV
†ψL
+
√
α
[
ψ(−∆+m− 1)χs′0 + χs′0(−∆+m− 1)ψ
]
+ αψ∂/ψ, (97)
where ψR,L = PR,Lψ , χR,L = PR,Lχ,
α =
1
y
and a(s) = 1− δs,s′0 . (98)
The sums over s are to be taken in a region around s
′
0 neglecting all other defects in the model
which are thought of to be far away. In particular the domain wall mass is constant.
In this form it is seen that for y →∞, the ψ and the χ fields decouple. For the χ-fields at
the waveguide boundary one may derive the Dirac equation and look for solutions that simul-
taneously satisfy the massless Dirac equation of the lower dimensional system. Imposing plane
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waves in the even directions the analysis proceeds very similar to the discussion in section 2.1.
The Dirac equation reads in momentum space
is/(p)χs + a(s)(m− 1− F (p))χs + PRχs+1 + PLχs−1 = 0. (99)
Solving eq.(99) for the χ-fields, one arrives at normalizability conditions that dictate the chiral
zeromode spectrum on the waveguide boundary [60]. It turns out that in 4 + 1 dimensions one
finds 7 righthanded and 8 lefthanded zeromodes [60] inside the waveguide, which are bound to
the waveguide surface. If the gauge fields are switched on, this leads to a vectorlike spectrum
if one takes the zeromode at the domain wall into account.
An important question for a further exploration of the phase diagram is whether the above
result is stable against perturbations in α. To answer this question we will now compute the
χ-field propagator at the waveguide boundary to order α. One may start by integrating out
the ψ-fields in (97) which leads to an effective action
Sχ =
∑
s
(χs∂/χs + χsa(s)(−∆+m− 1)χs) +
∑
s
(
χsPRχs+1 + χs+1PLχs
)
− α∑χs′0(−∆+m− 1)
∞∑
n=0
(−α)n[(V †PR + V PL)∂/]n(V †PR + V PL)(∆ +m− 1)χs′0
=
∑
s,s′
χsS
(0)−1
s,s′ χs′ − α
∑
x
[χs′0
(−∆+m− 1)]x(V †xPR + VxPL)[(∆ +m− 1)χs′0]x
+ O(α2). (100)
Here S(0) is the free χ-field propagator which can be computed exactly, see e.g. section 8. To
order α, replacing V by its expectation value v1, the Dirac equation reads now
is/(p)χs + a(s)(m− 1− F (p))χs + PRχs+1 + PLχs−1 − αv(m− 1− F (p))2δs,s′0χs′0 = 0. (101)
For the symmetric phase with v = 0 this is exactly the same equation as we found for y =∞.
Therefore the result from the large-y expansion is, that in the symmetric phase we will find the
same rich zeromode spectrum with equal numbers of left and right handed fermions as we had
at y =∞. This is quite in contrast to the anticipated phase diagram, fig.9, where we expected
actually a symmetric phase with strong coupling behaviour.
For v > 0 which corresponds to the broken phase we have an extra piece in the Dirac
equation at s
′
0, αv(1−m+ F (p))2. This gives a mass to the mirror modes of size v/y. We see
that the weak coupling relation mf ∝ yv is replaced by mf ∝ v/y, i.e. y → 1/y. In particular,
the fermion masses are still proportional to v and remain light when approaching the phase
transition, v → 0. Passing the phase transition we reach a symmetric phase with a vectorlike
zeromode spectrum. In the discussion of the large-y expansions we experienced a first surprise.
Since in the large-y expansion all defects are thought to be very far apart from each other, we
effectively work in the limit Ls ≫ 1. This means that we are on the ye−m0Ls/4 ≈ 0-axis in the
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phase diagram of fig.9. There we hoped to have the PMS1 phase at y ≫ 1. Instead we find
a second symmetric phase with weak coupling behaviour and an even richer –but vectorlike–
zeromode spectrum than the one at weak Yukawa-couplings.
5.6 Reduced model
The mode expansion discussed in section 5.4 revealed more clearly than the original action (84)
what the important modes of the waveguide model are. There is, of course, the domain wall
fermion living on the gauged wall. Furthermore, there are mirror fermion like states that live on
the waveguide boundary. These states can easily get light and remain in the spectrum. We saw
that this can happen for weak coupling as well for very large coupling, which led to a revision
of the phase diagram in fig.9. However, at intermediate values of y, there might still be still our
candidate phase, PMS1 where we can hope to construct a chiral gauge theory on the domain
wall at the end. It became clear that it is very natural to think of the model as a mirror fermion
model along the lines of [58] and that it would be the peculiar mass matrix which would be
responsible for decoupling the mirror fermions in contrast to the normal approach [58].
As we will see below, numerical simulations in the waveguide model even in the quenched
approximation become very demanding. On the other hand we could identify the important
building blocks of the domain wall model, the behaviour of which make the model succeed or
let it fail, uniquely. These building blocks are the domain wall mode and the waveguide mode
inside the waveguide. Furthermore, these modes appear only in the low energy regime below
the critical momentum pc. Above pc they become heavy and delocalize.
One may therefore attempt to construct a reduced model that shows the characteristic prop-
erties of the waveguide model with these ingredients. As we saw in section 5.5, the anticipated
fermion spectrum for the reduced model is not realized at very strong values of y. Therefore
the reduced model only makes sense under the assumption that at intermediate y-values the
PMS1 phase really exist. We will use for this “reduced” model the domain wall zeromode ω
0,
the mirror mode ξ0 at the waveguide boundary, the scalar fieldsV and the critical momentum
pc. This leads to a model
Sred =
∑
|pˆ|<pc
[iω0ps/pω
0
p + iξ
0
ps/pξ
0
p ] + y
∑
|pˆ|,|qˆ|<pc
ξ
0
p(V
†
q−pPR + Vp−qPL)ξ
0
q . (102)
In this reduced model the domain wall fermion ω0 is completely decoupled from the mirror
fermion ξ0 and the scalar field V . The mirror mode is then coupled to the scalar field with
a strength of the Yukawa-coupling y. We now have exactly the situation which might lead to
a successful description of a chiral theory if the waveguide model would work: An unaffected
chiral zeromode on the domain wall and a Yukawa-like theory on the waveguide boundary. The
only question is, whether this Yukawa-like theory possesses the strong symmetric phase or not.
One may argue that the above model is an oversimplification of the full theory. But one can
give plausible arguments that this kind of reduction makes sense [25]. We will see further from
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the numerical simulations that the reduced model behaves almost the same as the full model.
This is so at least at the values of y where the simulations discussed in the next section have
been performed. We know, of course, from the large-y expansion, that the reduced model does
not represent the full model at y ≫ 1. Third, if in the reduced model no PMS1 phase exists, it
will also not exist in the full model. The only addition from the full model would be that the
domain wall zeromode and the mirror mode start to interact. But then they either combine
to form a massive Dirac particle or the effective interaction is so weak that we are back in the
situation of the reduced model. The additional heavy modes in the model, in particular the
modes above the critical momentum pc, do not play an important role as their coupling can be
expected to be inversely proportional to their mass and hence is weak.
6 Numerical simulations in the waveguide model
Up to now we discussed the waveguide model at the two boundaries of the phase diagram for
small and large Yukawa-couplings. In both these limits it seems not to be possible to construct
a chiral gauge theory. This may, however, still be possible in the middle of the phase diagram
at intermediate values of the Yukawa-coupling. In this region both, the weak coupling as well as
the strong coupling expansion do not work. Therefore, in order to answer the question whether
the PMS1 phase exists one has to rely on numerical simulations.
As already mentioned earlier, Yukawa models in 2 and 4 dimensions have been subject to
extensive investigations in the last few years. In these studies it became clear that they could
either show a PMS1 phase [59] or not [61], depending on the choice of the Yukawa-coupling.
Two examples of these kind of Yukawa models are the local coupling
Slc = y
∑
x
ψx(VxPR + V
∗
x PL)ψx, (103)
and the hypercubic coupling
Shc = y
∑
x
1
4
∑
b
ψx(Vx−bPR + V
∗
x−bPL)ψx (104)
where we only show the Yukawa-part of the action. In the case of the hypercubical coupling
the sum over b means a sum over all points of a lattice hypercube surrounding the point x. The
model with the local coupling is known to have a PMS phase whereas the one with hypercubical
coupling does not.
A form of the Yukawa-coupling with a momentum cut-off as in the waveguide model has so
far not been investigated. Therefore the question whether a PMS1 phase exists or not remains
undecided. Unfortunately the special form of the Yukawa-coupling as given in the wave guide
model and in its reduced form prohibit an analytical treatment for intermediate values of y.
Obviously a numerical study of the 5-dimensional system would be very demanding. It turns
out, however, that the strong coupling behaviour we are after already appears in 2-dimensional
40
Yukawa models. Even more, the phase diagrams of 2 and 4-dimensional models are very similar
so that it is a reasonable strategy to search for the PMS1 phase in the waveguide model in 2
dimensions.
This path has been followed in [25]. Most results are obtained in the quenched approxi-
mation, neglecting all fermion loops. This seems to be sufficient for the question whether a
PMS phase exists. Although in the quenched approximation the phase transition lines shown
in fig.9 do not really exist, the model should show typical weak or strong coupling behaviour.
The experience from earlier studies of Yukawa models suggests two approaches to identify or
exclude a strong coupling symmetric phase. The first is the fermion mass spectrum and the
second the eigenvalue spectrum. Both show characteristic behaviour if a strong coupling phase
exists. The results of this numerical investigation will be discussed in the next two subsections.
The (2 + 1)-dimensional model is simulated using U(1) scalar fields. The pure bosonic
sector of the model consists therefore of a XY -model on the boundary of the waveguide region.
One might worry that the XY -model we are going to look at is too different from the real
4-dimensional system we are interested in. There is a phase transition from a spin-wave to a
Kosterlitz-Thouless phase at κ ≈ 0.5 which is certainly in a different universality class compared
to the phase transition in four dimensions. In addition there is no spontaneous symmetry
breaking in the XY -model. However, if on the finite lattice a vacuum expectation value is
defined through the standard rotation technique [62],
v =<
1
L2
|∑
x
Vx| > (105)
then the so defined vacuum expectation value v is zero in the Kosterlitz-Thouless phase but
v > 0 in the spinwave phase. In this way the 2-dimensional XY -model fakes the situation that
appears in spontaneous symmetry breaking in 4 dimensions. Increasing the lattice volume, v
approaches zero also in the spinwave phase as it should. For a finite lattice we expect therefore
that the fermion mass follows the perturbative relation mF ∝ yv, if the volume is not too large.
We will in the following refer to the spinwave phase as the broken and to the Kosterlitz-Thouless
(or Vortex) phase as the symmetric phase.
All simulations presented below have been performed in a (2 + 1)-dimensional setup with
a lattice of size L2Ls with L = 12, Ls = 26 being typical values of the lattice extensions. The
Wilson parameter r has always been set to r = 1 and the domain wall height was chosen to be
m0 = 1, too. Typically several thousand scalar field configurations have been obtained using
a cluster algorithm. The fermionic quantities have been obtained by standard techniques like
Conjugate Gradient or Lanczos. In order to avoid convergence problems of these algorithms
antiperiodic boundary conditions for one of the 2-dimensional indices have been chosen.
6.1 Mass spectrum
The fermion spectrum is a first indication for the presence of strong coupling behaviour.
Fermion masses can be obtained from the propagator
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Figure 10: The fermion mass of the fermion at the waveguide boundary as a function of
the Yukawa-coupling y. Both, the fermion in the full model (boxes) and the reduced model
(crosses) are consistent with a linear behaviour, in particular at small y. The dotted line is yv.
All results are at κ = 0.5.
Sst(p) = L−2
∑
xy
eip(x−y) < ΨsxΨ
t
y >, (106)
which can be computed using the conjugate gradient algorithm to find matrix elements of the
inverse fermion matrix on a scalar field background. Using the symmetry
SstRR(p) = S
Lt+2−s,Lt+2−t
LL (Pp), (107)
statistics can be enlarged by measuring the LL and the RR components and averaging over
them. Fermion masses are finally obtained by a fit to a free fermion propagator ansatz
S(p)RR(LL) = −iZF (sin(p1)− (+)i sin(p2))/(
∑
µ
sin2(pµ) +m
2
F ). (108)
The numerical results can be perfectly described by the ansatz (108) (see fig.5 in [25]).
What do we expect for the fermion masses having the phase diagram of fig.9 in mind?
Weak coupling behaviour For small values of the Yukawa-coupling mf ∝ yv with v the vacuum
expectation value of the scalar field using (105). The proportionality of the fermion mass to y
could be confirmed in [25], see fig.10. In the symmetric phase of the model the fermion mass
turns out to be zero. This excludes the small y region for a construction of a chiral gauge
theory as the mirror modes can not be decoupled.
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Figure 11: The fermion masses from numerical simulations at y = 2 as function of κ. The
boxes correspond to the full and the crosses to the reduced model.
strong coupling behaviour For larger values of the Yukawa-coupling such that one does not
enter the region where the large-y expansion of section 5.5 is valid we hope to find our favourite
PMS1 phase. From experience with models showing the strong coupling phase, we expect the
fermion mass to follow the mean field strong coupling behaviour
mF ∝ z−2 ; z2 = Re〈VxV ∗x+µ〉 . (109)
The quantity z is non-zero in the symmetric as well as in the broken phase. It is monoton-
ically decreasing with decreasing κ. In the PMS1 phase the fermion mass measured from the
numerical simulation would follow the behaviour in (109) and would therefore increase with
decreasing κ. In fig.11 the behaviour of the fermion mass as a function of κ is shown at y = 2
where one would expect the strong coupling behaviour to show up if the model would behave
similar to 2-dimensional Yukawa models with local coupling.
In the figure, the boxes, connected by a dotted line to guide the eye, correspond to the full
waveguide model, the crosses to the reduced model. The masses from both models are very
similar. They stay first almost constant at high values of κ and then start to decrease when
κ is lowered. This behaviour is in sharp contrast to the expected increase of the masses if
there would be a strong coupling region. Unfortunately, the numerical simulations could not
be driven into the symmetric phase (κ < κc = 0.5). The propagators became too noisy and no
reliable mass value could be obtained.
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Nevertheless the picture is in clear contradiction with the scenario we have hoped for. The
mirror fermion masses become small approaching the critical line. This is another indication
that a PMS1 phase does not exist in the waveguide model. Quite in contrary, the fact that
fermions seem to become light in the symmetric phase at y = 2 point into the direction that
the fermion spectrum shows weak coupling behaviour. One other important aspect of fig.10
and fig.11 is, that they show the resemblance of the reduced model to the full model. This
similarity will be relied on when in the next subsection the eigenvalue spectrum is determined,
which will give an additional hint that the PMS1 phase in the waveguide model is missing.
6.2 Eigenvalue spectrum
A complementary way to detect a strong coupling phase is the qualitative behaviour of the
eigenvalue spectrum for different Yukawa models [63]. The shape for a Yukawa-model with
local (103) and hypercubical (104) couplings are quite characteristic. It would, of course be
ideal to compute the eigenvalues in the full domain wall model. However, the matrix from
which the eigenvalues have to be determined is of size 2LsL
2 ⊗ 2LsL2. To get all eigenvalues
of this matrix is almost impossible for reasonably large lattice sizes. We can, however, rely
on the similarity of the reduced model to the full waveguide model and try to determine the
eigenvalues in the reduced model at different values of y.
In fig.12 the eigenvalue spectra for the reduced domain wall model (a), the model with local
(b) and with hypercubical (c) Yukawa-coupling is shown. They have been obtained at y = 0.2, 1
and 4 from left to right and were averaged over 5 scalar field configurations. The lattice size
has been L = 12. For the waveguide model the eigenvalues at small Yukawa-coupling are very
similar for all three models and form a narrow band. For y = 1 there appear some differences
in that for the waveguide and the hypercubical model the band broadens whereas in the model
with local Yukawa-coupling they seem to develop a gap.
The difference becomes much more pronounced for y = 4. The local Yukawa-coupling model
shows a ring structure typical for a strong phase [63]. On the other hand it is all too obvious
that the domain wall model follows the trend of the hypercubical model. Even at y = 4 which
is a quite strong Yukawa-coupling, no sign of strong coupling behaviour can be seen. The
eigenvalue distribution just broadens with increasing y. The good representation of the full
model by the reduced one suggested in figs.10 and 11 leads to the conclusion that also in the
full domain wall model the eigenvalues behave very similar.
This is strengthened by the behaviour of the number of conjugate gradient iterations to reach
a given residue. This is determined by the condition number of the fermion matrix. In the
model with a local coupling which has the strong symmetric phase, the number of conjugate
gradient inversions first rises with increasing y but then, when entering the strong coupling
region it decreases again, due to the fact that the fermions become massive. No such decrease
can be seen in the full waveguide model. The number of conjugate gradient inversions just
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Figure 12: The eigenvalue spectrum for the reduced waveguide model (a), the Yukawa model
with local (b) and with hypercubical (c) Yukawa-couplings. The values of y are y = 0.2, 1.0
and 4.0 from the left to the right.
continues to increase. This is, of course, in full accordance with the results from the large-y
expansion and from the fermion mass behaviour. They do not give a region with strong coupling
behaviour but in contrast predict light fermions all the way to y →∞.
6.3 Dynamical fermions
All the numerical results discussed in the previous section were obtained in the quenched ap-
proximation. In the full unquenched model there would have been a single right handed fermion
coupled to the U(1) gauge field if the fermions would have been in an anomalous representation.
However, the model in the quenched approximation does not distinguish between an anomalous
and an anomaly free representation. We could have equally well added an extra fermion species
S = χM †χ to the original action S = ψMψ with ψ and χ having opposite handedness. In the
quenched approximation the extra fermion χ is irrelevant and the quenched approximation of
the full model with ψ and χ reduces to the one studied in the previous sections.
Of course, it would have been desirable to study the waveguide model also dynamically. This
was also attempted. A Standard Hybrid Monte Carlo algorithm [64] was used in the simulations.
Using the scalar vacuum expectation value v as an order parameter, the unquenched simulations
revealed the weak symmetric phase for small values of y, where v = 0. Keeping κ fixed, the
phase diagram in fig.9 suggests that by increasing y one would enter a symmetry broken phase
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with v > 0. This pictures is motivated by the ordering effect of the fermions which shift the
phase transition of the pure bosonic theory towards smaller values of κ. Increasing y even
further, v becomes zero for some critical Yukawa-coupling yc, if one enters a second symmetric
phase. Whether this is a phase with strong coupling behaviour could then be clearified by
computing the fermion spectrum.
This scenario can be tested by numerically computing v using the rotation technique. Un-
fortunately, for medium size values of y ≈ 1, the step size in the Hybrid Monte Carlo algorithm
had to be decreased by an order of magnitude resulting in large autocorrelation times. This
became even worse when increasing y further such that no reliable simulation could be per-
formed in the interesting y region. The bad behaviour of the Hybrid Monte Carlo algorithm is,
however, consistent with the development of the eigenvalue spectrum discussed in the previous
section. If a strong symmetric phase exists one would expect the behaviour of the Hybrid Monte
Carlo algorithm to become much better again since the fermion would have become massive. It
might be an interesting prospect to attack the difficult region in y again by using the recently
suggested new simulation algorithm for fermions by Lu¨scher [65].
7 Infinite extra dimension
As we have seen in the previous sections, our attempts to achieve a chiral gauge theory with
domain wall fermions seem to fail. The effect of the anti-domain wall can not be switched off
in case of 5-dimensional gauge fields. In the waveguide model where gauge fields are kept 4-
dimensional the anti-wall can be shielded from the wall but only for the expense of introducing
a wave guide wall. New light mirror fermion modes appear on this wall rendering the theory
vectorlike again.
We found on the other hand in section 2.1 that on the infinite lattice there is only one chiral
zeromode and no necessity for introducing a second wall emerges. One might first discard an
infinite lattice as not leading to a practical proposal for simulations. This is certainly the case
for the euclidean action formulation of a theory. Narayanan and Neuberger [29, 66] suggested
to take a different route of thinking. They regard the extra dimension as the “time-axis” of a
(4+1)-dimensional system and propose to study the 4-dimensional Hamiltonian of this theory.
The extra dimension is thought of being kept strictly infinite and as such it fulfills the sole
purpose to project onto the ground state of the system. There will be two Hamiltonians H±
corresponding to the two sides of the wall and accordingly there will also be two ground states
|0± >. The theory can then be defined as the overlap of these two ground states.
Also in this approach the gauge fields are kept 4-dimensional. As opposed to the waveg-
uide model there is no need of adding an extra wall and thus no additional fields have to be
introduced. To keep the extra dimension infinite may also be motivated from the index of the
fermion matrix M . What one would like to achieve in order to obtain a chiral theory is that
the fermion matrices M and M †, belonging to the left and righthanded modes, respectively,
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have different indices. In particular, M should have index 1 and M † index 0, which would
correspond to a single chiral fermion as an eigenstate of M . Such a situation can only be
reached when the matrices M and M † are infinite. Of course, in the domain wall model with
a finite M it was hoped that one can keep both chiral modes on the lattice such that they can
be separated and shielded from each other. The model proposed in [29] can be considered as
a combination of domain wall fermions as suggested by Kaplan [13] and the idea of infinitely
many regulator fields advocated by Frolov and Slavnov [67]. There it was suggested to intro-
duce infinitely many Pauli-Villars fermion fields to regulate a chiral gauge theory. Interpreting
the extra dimension as a flavour space, the different flavours can be associated with new fields
that have been introduced. Choosing the extra dimension to be infinite, these new fields play
the role of the infinitely many Pauli-Villars fields in the approach of [67].
To be specific, we will consider the following 4-dimensional action
SF =
∑
x,s
4∑
µ=1
ψ
s
x [(∂/(U)x −∆x(U) +m(s)]ψsx
+
1
2
∑
x,s
ψ
s
x [δs,s+µ5(1 + γ5) + δs−µ5,s(1− γ5)− 2δs, s]ψsx . (110)
This action corresponds to the action (78) with the 5-dimensional gauge fields V set to unity
and the Wilson coupling r set to r = 1. The domain wall mass is chosen as
m(s) = d−msign(s+ 1
2
) (111)
with d the (odd) dimension of the system. Note that the wall in this setup has been chosen to
be in the middle of the link connecting the regions in s with positive and negative domain wall
mass. Of course, keeping the summation over s infinite leads to divergences. However, these
divergences come from the bulk and one may define an interface effective action
Si(U) = Seff(U)− 1
2
[
S+eff(U) + S
−
eff(U)
]
. (112)
S±eff (U) are the bulk actions for a constant domain wall mass to the right and the left of the
location of the domain wall. The interface effective action is defined on the wall. It is now
finite and can be implemented order by order in perturbation theory.
Staying in the euclidean action formulation would, however, not lead to any practical way for
numerical simulations. The path Narayanan and Neuberger are following is to construct Si(U)
from a vacuum overlap formula. This is obtained in a first step by constructing the transfer
matrix Tˆ = eHˆ (with the lattice spacing a = 1) from the lattice Hamiltonian Hˆ, Hˆ = aˆ†Haˆ
with aˆ† and aˆ are the usual fermionic creation and annihilation operators and H is represented
by a matrix, the explicit form of which will be given below.
For Wilson fermions with r = 1 the transfer matrix describes the evolution of the system
from one timeslice to the next and therefore over the smallest distance on the lattice. As the
transfer matrix contains the full physical information of a system, a description of a model in
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terms of the transfer matrix is completely equivalent to its path integral formulation. Indeed,
the path integral Z may be written with the usual trace formula Z = TrTˆN when N is the
extension of the lattice in the “time” direction. The construction of the transfer matrix, which
is a non-trivial task, was performed by Narayanan and Neuberger, following [68] closely. They
find the transfer matrices on both sides of the wall, Tˆ+ and Tˆ−. Tˆ+ and Tˆ− are the main building
blocks of the theory in the infinite extra dimension formulation and for the construction of the
overlap formula.
As a result a representation of the interface effective action in terms of the transfer matrices
can be given
eSi(U) = lim
s→∞
< b− |(Tˆ−)s−1(Tˆ+)s−1|b+ >√
< b− |(Tˆ−)2s−2|b− >< b+ |(Tˆ+)2s−2|b+ >
(113)
where < b±| denote some boundary conditions at s = ±∞. Choosing these boundary conditions
as
|b± >= |0± > (114)
in the s→∞ limit the ground state is projected out in (113) and the interface effective action
is given by a simple overlap formula
eSi(U) =< 0− |0+ > . (115)
To get a feeling for the formula (115) which corresponds to the –infinite– lattice effective
action, we will now as a first step discuss its continuum limit for a (2 + 1)-dimensional system.
We will check in continuum perturbation theory whether we will find the anomaly we expect,
if the overlap formula correctly describes the chiral gauge theory it was constructed for. The
Hamiltonians for the left and the right sides of the wall, H− and H+, respectively, are in
momentum space
−H±(p, q) = H±0 (p)δp,q +
∫ d2k
(2π)2
[
zkτδq,p+k + z
∗
kτ
†δq,p+k
]
(116)
where the unperturbed Hamiltonians H±0 are diagonal in momentum space
H±0 (p) =

 ∓m p1 − ip2
p1 + ip2 ±m

 , (117)
τ =

 0 0
1 0

 (118)
and
zk =
∫
d2xeikx [A1(x) + iA2(x)] . (119)
If we denote by Ψ±p the set of eigenvectors belonging to positive eigenvalues of the full Hamil-
tonian
−H±Ψ±p = Λ±pΨ±p ; Λ±p > 0 (120)
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we can define an overlap matrix as
Opq = Ψ
−†
p Ψ
+
q . (121)
The continuum interface effective action is then given by
eSi(A) = detO . (122)
To proceed we will now sketch the perturbative evaluation of Si(A). For this purpose we expand
the fields
Ψ+p = ψ
+
p + ψ
+
q Aqp + χ
+
q Bqp
Ψ−p = ψ
−
p + ψ
−
q Cqp + χ
−
q Dqp (123)
where ψ± and χ± are the eigenvectors corresponding to the positive and negative eigenvalues
of the unperturbed Hamiltonian H±0 , respectively. A, B, C and D are coefficients which are
linear in the gauge fields. The eigenvalues are also expanded
Λ±p = λp + λ
±(1)
p (124)
with λp the eigenvalues belonging to the free Hamiltonian. The perturbation Hamiltonian can
be read off from (116)
−H1(p, q) =
[
zkτδq,p+k + z
∗
kτ
†δq,p+k
]
(125)
and the coefficients and the eigenvalues can be obtained from standard Schro¨dinger perturbation
theory
λ±(1)p = ψ
±†
p H1ψ
±
p
Apq =
ψ+†p H1ψ
+
q
λq − λp p 6= q
Bpq =
χ+†p H1ψ
+
q
λq + λp
Cpq =
ψ−†p H1ψ
−
q
λq − λp p 6= q
Dpq =
χ−†p H1ψ
−
q
λq + λp
. (126)
The diagonal terms App and Cpp in (126) are undetermined. This can be partly repaired by
imposing orthonormality of the eigenvectors which leads to
App + A
∗
pp = 0 ; Cpp + C
∗
pp = 0 (127)
which fixes the real part of both coefficients. However, the imaginary part of A and C remains
undetermined and therefore there is a phase ambiguity in the interface effective action. This
phase ambiguity reflects the fact that it is the imaginary part of the complex action where the
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chiral nature is hidden [69]. The real part of the action is vectorlike. This can also be seen from
(113). Taking there periodic boundary conditions in the extra s direction, in the limit s→∞
eSi(U) = | < 0− |0+ > |2 . (128)
The effective action (128) is real and corresponds to the domain wall setup with two chiral
zeromodes of opposite chirality. Thus we see that the imaginary part of the action is the
crucial ingredient for chiral gauge theories. One proposal to compute the imaginary part of the
action can be found in [70].
The still undetermined phases for the interface effective action have to be fixed. This can be
done in perturbation theory by demanding that the projection of the true eigenstate onto the
perturbed one Ψ±
†
p ψ
±
p being real. This amounts to Brillouin-Wigner perturbation theory. Of
course, also for a non-perturbative investigation of a chiral gauge theory the phase ambiguity
appears. The authors in [29] propose to take the same phase fixing condition as in perturbation
theory. The advantage of this condition is that it can be easily implemented and thus the theory
is completely determined. It is, however, an important –and still open– question whether the
Brillouin-Wigner condition is suitable also for non-perturbative and strongly fluctuating gauge
field configurations.
To arrive eventually at the anomaly one has to go to second order in perturbation theory.
This can be done [29] and as a result the anomaly is given as
∑
µ
∂µ
δI
δAµ(x)
(129)
where
I =
1
16π
∑
p
[
p1 + ip2
p1 − ip2 z
∗
pz
∗
−p −
p1 − ip2
p1 + ip2
zpz−p
]
(130)
and z is given in (119),
zp = A1,p + iA2,p ; z
∗
−p = A1,p − iA2,p . (131)
Thus the anomaly becomes
1
4π
(p2A1,p − p1A2,p) = − 1
4π
F12(p) . (132)
Eq.(132) is the continuum form for the anomaly on the wall from the overlap formula (115).
Since in deriving this equation the variation of the action with respect to the gauge fields was
taken for the effective interface action we should have expected to find the anomaly which
corresponds to the chiral mode on the wall. This would be the consistent anomaly as we
discussed in section 4. In fact, the strength of the anomaly in (132) is 1/4π which is just half of
the value of the covariant anomaly we have discussed earlier for the domain wall system. Thus
it corresponds to the consistent anomaly which is the correct result.
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As a next step it would be certainly interesting to see, whether the overlap formalism can
be taken over to the lattice. The transfermatrix can be explicitly constructed
eH± =

 1B± 1B±C
C† 1
B±
C† 1
B±
C +B±

 . (133)
The matrices B and C depend on the gauge fields and their explicit forms are
B± = (d+ 1∓m)− 1
2
∑
µ
[
δx,x+µUx,µ + δx,x−µU∗x−µ,µ
]
(134)
C =
1
2
∑
µ
[
δx,x+µUx,µ − δx−µ,µU∗x−µ,µ
]
γµ . (135)
The effective action on the interface is
eSi(U) =
U < 0− |0+ >U
1 < 0− |0+ >1 e
i[Φ+(U)−Φ−(U)] . (136)
The |0± >U are the ground states of the Hamiltonian in presence of the gauge fields whereas
|0± >1 denote the ground states for free fermions. The phases Φ±(U) are undetermined which
again reflects the phase ambiguity we have encountered in (126,127). The phases are fixed
using the same condition as in perturbation theory also for the non-perturbative case
eiΦ±(U) =
U < 0± |0± >1
|U < 0± |0± >1 | . (137)
In close analogy to the earlier discussion of the anomaly an external gauge field is chosen
U(k) = ei
Aµ(φ)
L
cos( 2pik
L
(n+ 1
2
)) (138)
with
Aµ(φ) = Aµ + 2φ sin(
πk
L
) . (139)
The anomaly equation now reads
− i
π
lim
L→∞
∂S(Aµ(φ))
∂φ
|φ=0 = − 1
4π
[A2k1] . (140)
In order to compute the anomaly numerically, the Dirac sea has to be filled and the eigenfunc-
tions corresponding to the negative energy eigenstates have to be found. This amounts to find
the eigenvalues of (133) numerically. In the computation A2 was taken to be A2 = 0.32. In [29]
two values of the domain wall mass were chosen, m = 0.5 and m = 0.9 and the anomaly was
computed on different size lattices. At both m the value of the anomaly was extrapolated to
L = ∞. Both extrapolated values coincide and give −0.02545(5). This is to be compared to
the value of the anomaly in the continuum of −0.02546. The same test of the anomaly equation
to be fulfilled on the finite lattice can also be performed in four dimensions by a clever choice
of the external gauge fields keeping the Hamiltonian to be at least block diagonal. Again the
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continuum value of the strength of the anomaly could be reproduced in the thermodynamic
limit.
We discussed in this section a proposal of keeping the extra dimension in the domain wall
model strictly infinite. Alternatively we might think of having introduced infinitely many regu-
lator fields for a chiral gauge theory. We saw, that in continuum perturbation theory the correct
value of the consistent anomaly is found. Even more remarkable is that the overlap formula
resulting from the ground state projection can be implemented on the finite lattice. The task
there is to diagonalize a –admittedly huge– matrix. Choosing external gauge fields that vary
smoothly, the value of the consistent anomaly could be reproduced when the finite lattice re-
sults are extrapolated to the infinite lattice. With suitable techniques of matrix diagonalization
a numerical simulation may be reached eventually.
With this outlook it might be possible to test whether a chiral gauge theory can be obtained
when the gauge fields are made dynamical. Of course, the tests being performed on the overlap
formula so far correspond to the situation in the domain wall model where everything worked.
There we also found for smooth external gauge fields that the correct –in this case covariant
anomaly– can be reproduced on the lattice and that the chiral zeromode spectrum comes out
as desired. This encouraging picture was only destroyed when dynamics had been added.
Therefore it seems that only a full simulation can decide the question whether the infinite s
approach is the solution of the chiral fermion problem on the lattice.
In a numerical simulation only the real part would be used for the updating. Given a new
gauge field configuration consisting of a change of only one link, the imaginary part would be
computed by diagonalizing H±. It is then hoped that, since only one link is changed at a time,
the old eigenfunction of H± is a good starting point for the new diagonalization process. The
general idea is not to take the imaginary part in the updating process but into the measured
observables. It is, of course, not clear at all that the fluctuations of the imaginary part for
realistic lattice gauge field configurations are small. If these fluctuations are large, which might
well be possible due to the roughness of the 4-dimensional gauge fields, this would not lead
to any practical simulation algorithm. On the other hand an implementation of the above
simulation proposal could provide the first measure for the strength of the fluctuations of the
imaginary part of chiral fermion actions.
One might find the idea unsatisfactory that a chiral theory can only be constructed by
considering the Hamiltonians for both sides of the wall and construct the overlap of the corre-
sponding ground states. There seems to be at the moment no way of connecting the overlap
setup with any euclidean lattice formulation of the same theory. However, the anomaly in
the infinite dimensional lattice approach for chiral lattice fermions can be understood from
a limiting procedure of a lattice version with finite extend in the s-direction [45]. In this
version the s-direction is split into a gauged region for s < N and an ungauged region for
N < s
′
< N
′
<∞. The limiting procedure which gives the correct –consistent– anomaly is to
let both N and N ′ go to infinity simultaneously. Therefore the interface effective action (112)
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might be understood as the limit s → ∞ of a gauge variant finite lattice version. As we have
seen in the discussion of the waveguide model, section 5.2, a gauge variant action can be made
gauge invariant by adding scalar or Stu¨ckelberg fields. But then the infinite s effective action
is hiding that it came from the waveguide model on the finite lattice. As the waveguide model
failed in constructing a chiral gauge theory, the same faith may await the overlap approach to
chiral fermions on the lattice.
8 Domain wall fermions and QCD
Even if the domain wall fermion approach to chiral gauge theories on the lattice may fail, there
could be a quite unexpected application of this idea. As put forward by Shamir [43, 71] domain
wall fermions could be used for simulating QCD. This seems to be a natural approach since
the odd dimensional theory one starts with is vectorlike. Consider a slightly modified action
for domain wall fermions where we choose 2N points in the s-direction.
SF =
∑
x,s
4∑
µ=1
ψ
s
x [(∂/(U)−∆(U) +m]ψsx
+
1
2
∑
x,s
ψ
s
x [δs,s+µ5(1 + γ5) + δs−µ5,s(1− γ5)− 2δs, s]ψsx
+ mψ
2N
x (1 + γ5)ψ
1
x +mψ
1
x(1− γ5)ψ2Nx . (141)
This action is identical to eq.(110) except that the boundary term in the s-direction is made
explicit. The gauge fields are kept 4-dimensional. The boundary terms are equipped with an
additional new parameter m. For m = 1, which corresponds to periodic boundary conditions,
no zeromodes appear. For m = 0 we will have open boundary conditions and the action (141)
describes boundary fermions with chiral surface modes [43].
For a non-zero value of m an interaction of the surface modes at s = 1 and s = 2N is
induced and they will combine to a Dirac state. In order to derive the mass dependence of this
state we compute the propagator from the action (141). First there is a homogeneous solution
of the Dirac equation
G0(s, s
′) = Be−α|s−s
′| (142)
with
B−1 = 2b sinhα
2 coshα(p) =
1 + b2(p) + p2
b(p)
p = sin pµ b(p) = 1−m+
∑
µ
(1− cos(pµ)) . (143)
The full propagator is given as
G(s, s′) = G0(s, s′) + A−e−α(s+s
′) + A+e
−α(2N−s−s′)
+ Am
(
e−α(N+s−s
′) + e−α(N+s
′−s)) (144)
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where
A− = ∆−1Bb(1−m2)(eα − b)
A+ = ∆
−1Bb(1−m2)(e−α − b)
Am = 2∆
−1Bb2m coshα
∆ = beα − 1 +m2b(eα − b) . (145)
This complicated expression can be evaluated in the limit of small momenta and small
values of m. As a result one finds that the propagator in momentum space is
G(p2) = p2 +m2m2(2−m)2 ; p2 , m2 ≪ 1 . (146)
For the boundary fermion modelm = 0. We see that in the low momentum limit the propagator
describes a massless particle. The s-dependence of the full propagator (144) shows that the
chiral zeromodes appear as surface modes on the boundary of the lattice in the s-direction.
This is the same result as we discussed in section 2 where the zeromodes were computed in the
Hamiltonian language. They are depicted in figure 1b.
Turning on m, these zeromodes are coupled through the links connecting the last and the
first s-slice and acquire a –Dirac– mass. As can be read off from (146) this mass is proportional
to m which might therefore be interpreted as an external quark mass. The reason, why this
result makes boundary fermions interesting for QCD simulations is the following. According
to the nogo theorems chiral symmetry is broken on the lattice. However, as weak coupling
perturbation theory shows, chiral symmetry will be restored in the continuum limit of lattice
QCD. To reach this limit a careful tuning of the bare parameters in the lattice QCD action is
necessary to approach the phase transition. The tuning of the pion mass to zero as a function of
the bare parameters is non-trivial and demanding. In particular, there are O(1/a) corrections
to the renormalized quark mass.
Eq.(146) offers a nice alternative. It suggests that quark masses only get multiplicative
renormalization and that one has therefore only to tune m to zero in order to reach the phase
transition. In this context, m might be thought of as an external source. In particular, the
phase transition point is expected to be m = 0. For a finite lattice in the s-direction there
is an additional complication. Since the wavefunctions of both modes on the walls fall off
exponentially, there will be always an overlap of both quark modes in the middle of the lattice.
The value of the quark’s wavefunction can be estimated to be (1−m)s. Therefore the extension
of the lattice in the extra dimension should be N ≈ −log(m). Whether the advantage to make
tuning trivial will merit the introduction of an extra dimension can only be answered in actual
simulations.
For a finite system the overlap of the surface modes lead to some anomalous effects in the
middle of the lattice. The currents are defined as
jµ =
1
2
(
ψ
s
x(1 + γµ)Ux,µψ
s
x+µ − ψsx+µ(1− γµ)U †x−µ,µψsx
)
(147)
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for µ = 1, ..., 4 and
j5 =

 ψ
s
xPRψ
s+1
x − ψs+1x PLψsx 1 ≤ s < 2N
ψ
2N
x PRψ
1
x − ψ1xPLψ2Nx s = 2N
. (148)
Since the 5-dimensional theory is vectorlike, it is anomaly free and the divergence equation is
∂µjµ = −∂5j5, µ = 1, ..., 4. Written out explicitly
4∑
µ=1
∂µjµ =


−js=15 −mjs=2N5 s = 1
−∂5js5 1 < s < 2N
−js=2N−15 −mjs=2N5 s = 2N
. (149)
One can define an axial current as in section 3
Aµ = −
2N∑
s=1
sign(N − s+ 1
2
)jµ . (150)
Then the divergence is
∂µAµ = 2mj
2N
5 + 2j
N
5 . (151)
Whereas jN5 appears to be derived from a usual classical massterm, j
2N
5 is an additional anoma-
lous term stemming from the overlap of the surface modes. As is shown in [71] this term vanishes
with N →∞ as
exp(−c0/g20) exp(−ΛN) (152)
with c0 a constant, g0 the gauge coupling and Λ the confinement length. From this formula
it is seen that for every g0 fixed, the anomalous term vanishes if the extent of the lattice in
the extra dimension is sent to infinity. This suggests that one might try to follow the program
of the previous section and work in the N = ∞ limit directly. Since in the application of the
domain wall model to QCD the effective action on the boundary is real and therefore does
not possess the phase ambiguity we found for the chiral gauge theory case, the program of
Narayanan and Neuberger can now be performed without subtleties involved. The derivation
of the overlap formula for the QCD case can be worked out following [29] closely and an explicit
formula is found in [71]. The vanishing of the anomalous term in the N →∞ limit constitutes
a proof that axial symmetry is restored at the QCD phase transition. In the derivation of this
result basically no approximation is involved. This amounts to the statement that restoration
of axial symmetry will also appear at strong coupling and is valid not only to every order in
weak coupling perturbation theory [1] but holds also non-perturbatively.
9 Summary and conclusions
In this article we summarized the status of domain wall fermions invented to construct a chiral
gauge theory on the lattice. In the continuum domain wall fermions are obtained as chiral
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zeromodes bound to a –soliton shaped– mass defect living in an extra odd dimension. The
domain wall model can be taken over to the finite lattice by choosing the mass defect to be a
step function. Through the necessary introduction of boundary conditions a second anti-wall
is generated and the chiral zeromodes appear pairwise as left and righthanded fermions. They
are bound to the wall and the anti-wall, respectively, and fall off exponentially with increasing
distance from the walls. Alternatively one may choose free boundary conditions in the extra
dimension in which case the chiral modes appear as surface modes.
The charge flow in the domain wall model is according to the picture developed in the
continuum by Callan and Harvey. The anomaly appearing in the zeromode current along
the wall is compensated by the divergence of the Chern-Simons current induced by the heavy
fermions that live off the wall in the extra dimension. The Callan-Harvey analysis can be
performed on the lattice confirming the continuum picture at least, as long as the gauge fields
are taken to be smooth and external. The correct strength of the –covariant– anomaly can be
directly measured on the finite lattice.
The crucial step for the realization of a chiral gauge theory on the lattice is the coupling
to dynamical gauge fields. The fluctuations of the gauge field can become strong and the fear
is that they will lead to an interaction of the two chiral zeromodes combining them to a Dirac
particle. In the waveguide model only one of the two domain walls is gauged. Interpreting the
extra dimension as a sophisticated flavour space, the gauge fields are kept strictly 4-dimensional
and the same for all flavours in a region around the “wall”-flavour, i.e. the location of the wall.
At the boundaries of this “waveguide region” gauge invariance is lost. This can be repaired by
introducing scalar or Stu¨ckelberg fields at the boundary of the waveguide region. The coupling
of the scalar fields and the fermions are of the Yukawa-form and will be equipped with a Yukawa-
coupling y. For y = 0 one essentially obtains the model with free boundary conditions and
new fermionic zeromodes appear which can interact with the domain wall zeromode through
the gauge fields. The important and crucial question for the model to succeed is then whether
the fermionic spectrum at the waveguide boundary can be made massive such that the modes
decouple in the continuum limit and one is left with only the chiral zeromode on the gauged
wall.
The result of the investigations in the domain wall model can be given, comparing fig.9 and
fig.13. These figures show the phase diagrams that would have led to a possible construction
of a chiral gauge theory with domain wall fermions (fig.9) and the much more realistic phase
diagram 3 in fig.13 which prohibit such a construction. The phase diagram in fig.13 was obtained
by a large-y expansion in combination with numerical simulation results.
The interesting part of the phase diagram in fig.9 is the PMS1 phase. In this phase the
fermions at the boundary of the waveguide region would have become massive. There the
3In Fig.13 the PMS2 phase is left out. The existence of this phase was not investigated. But even if it would
exist, a construction of a chiral gauge theory would not be possible because all modes including the one on the
domain wall become heavy.
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Figure 13: A realistic phase diagram for domain wall fermions. There will be a symmetry bro-
ken (FM) phase as well as two symmetric phases (PMW1 and PMW2) with different vectorlike
spectra of massless fermions.
Yukawa-coupling would have been strong enough to bind the fermion and the scalar field to
form a massive bound state. Therefore this state would have decoupled from the low energy
spectrum, leaving behind a chiral zeromode on a domain wall coupled to gauge fields in a gauge
invariant manner. In earlier investigations of coupled fermion-Higgs models such a phase could
be established or it was missing, depending on the particular implementation of the form of the
Yukawa-coupling. What is found in the waveguide model from the numerical simulations and
the large-y expansion is that the PMS1 phase is absent. Instead, there are two symmetric phases
with weak coupling behaviour both of them with a vectorlike spectrum of zeromodes. Thus in
neither of these symmetric phases a chiral gauge theory can be obtained. A word of care has
to be given at this point. Although the phase diagram in fig.13 represents a consistent picture
from the large y expansion and numerical simulations, the simulations were very difficult in
the most interesting region of the phase diagram. Although evidences are strong that a PMS1
phase is absent, its non-existence could not be proven without any doubt. Maybe using the
algorithm proposed in [65] can help to achieve better simulation results in the difficult region.
What remains from the domain wall model idea is a variant where the extra dimension
is kept strictly infinite. In this interesting line of thinking the extra dimension is regarded
as the time axis of a 4-dimensional Hamiltonian. The Hamiltonian is split into two parts
corresponding to the two sides of the domain wall. Due to the infinite extension in the extra
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dimension the ground states on both sides of the wall are projected out. The resulting theory
consists of the overlap of these two ground states. Assuming smooth external gauge fields it
could be shown in perturbation theory and non-perturbatively through a diagonalization of
the finite lattice Hamiltonians that this formulation of the domain wall model gives again the
correct –consistent– anomalies. So far, in this interesting approach no dynamical gauge fields
have been considered and it remains to be seen whether the promising results survive their
inclusion.
A completely different application results from the interpretation of the wall zeromodes as
massless quarks. The boundaries of the lattice in the extra dimension can be coupled through
a mass term. In this way, the surface modes combine to build a Dirac fermion. The interesting
aspect of this approach is that the mass of the Dirac-particle is directly proportional to the
new mass parameter. Thinking of simulations in QCD this would mean that one could perhaps
avoid the fine tuning problem of the quark mass in the conventional formulations of lattice
QCD.
To conclude, the clash between chiral gauge invariance and the existence of a single Weyl
fermion on the lattice could also not be resolved by the domain wall fermion approach. It seems
that non-perturbative lattice models of chiral gauge theories unavoidingly lead to doubler states
which might be interpreted as mirror fermions. One is therefore left with the choice to believe
in some –yet undiscovered– new fermions, or to think further, maybe along the lines of the
Rome-approach [72], how nature managed to construct chiral gauge theories.
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